
Selçuk J. Appl. Math. Selçuk Journal of

Vol. 10. No.1. pp. 45-61, 2009 Applied Mathematics

Homotopy Analysis Solution of Three Dimensional Diffusion Equa-

tions

G. Domairry1, M. Ghanbarpour, F. Ghanbarpour

1Department of Mechanical Engineering, Babol University of Technology , P.O. Box

484, Babol, Iran

e-mail: amirganga111@yahoo.com

Received: April 9, 2008

Summary. In this paper, the Homotopy Analysis Method (HAM) is employed

to find a suitable solution for parabolic equations. This method is a strong

and easy—to—use analytic tool for investigating linear and nonlinear problems,

which do not need small parameters. Homotopy analysis method contains the

auxiliary parameter ~, which provides us with a simple way to adjust and control
the convergence region of solution series.

By suitable choice of the auxiliary parameter ~, we can obtain reasonable so-
lutions for large modulus. In this study, we compare obtained results through

(HAM) with the exact solutions. This type of equations governs on numerous

scientific and engineering experimentations.
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1. Introduction

Partial differential equations which arise in real-world physical problems are

often too complicated to be solved exactly. And even if an exact solution is

obtainable, the required calculations may be too complicated to be practical,

or it might be difficult to interpret the outcome. Recently, some promising

approximate analytical solutions are proposed, such as exp-function method [1-

2], Adomian’s decomposition method [3-4], variational iteration method [5-6]

, homotopy-perturbation method [7-8] and homotopy analysis method(HAM)

[9,10]. Most scientists believe that the combination of numerical and semi-exact

analytical methods can also end with useful results. Homotopy Analysis Method

(HAM) is one of the well-known methods to solve the linear and nonlinear

equations which was expressed by Liao [11-14] and studied by a large number of

45



researchers such as G. Domairry [9] and many of them such as Abbasbandy [15]

and T.Hayat [16] applied HAM in heat transfer. Liao in [14] proved that ADM

is a special case of the HAM and Dr.Allan applied this kind of relationship in

[17].

In this study, the general parabolic equation in the form of:

(1a)  = (−→  ) +(−→  ) + (−→  ) + (−→  )
where,

(1b)  = +  + 

is to be solved.

The Liao’s Homotopy analysis method (HAM)

2.1. The basic idea [11-14]

Consider the following differential equation

(2)  [ ()] = 0

where,  is a nonlinear operator,  denotes the independent variable, () is the

unknown function. For simplicity, we ignore all boundary or initial conditions,

which can be treated in the similar way. By means of generalizing the traditional

homotopy method, Liao [14] constructed the so-called zero-order deformation

equation

(3) (1− ) [( ; )− 0()] = ~() [( ; )]

where  ∈ [0 1] is the embedding parameter, ~ 6= 0 is a nonzero auxiliary

parameter, () 6= 0 is an auxiliary function,  is an auxiliary linear operator,
0() is an initial guess of () and ( ; ) is an unknown function. It is

important that one has a great freedom to choose auxiliary unknowns in HAM.

Obviously, when  = 0 and  = 1 it holds

( ; 0) = 0() ( ; 1) = ()

respectively. Thus, as  increases from 0 to 1, the solution ( ; ) varies from

the initial guess, 0() to the solution (). Expanding ( ; ) in Taylor series

with respect to, we have

(4) ( ; ) = 0() +

+∞X
=1

()
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where,

(5) () =
1

!

( ; )


|=0 

If the auxiliary linear operator, the initial guess, the auxiliary parameter ~,
and the auxiliary function are quite properly chosen, the series (4) converges at

 = 1 then we have

(6) () = 0() +

+∞X
=1

()

which must be one of the solutions of the original nonlinear equation as proved

by Liao [14]. As ~ = −1 and () = 1 Eq. (3) becomes

(1− )[( ; )− 0()] +  [( ; )] = 0

This is mostly used in the HPM, whereas the solution can be obtained directly

without using Taylor series [11, 12].

According to the Eq. (5), the governing equation can be deduced from the

zero-order deformation Eq. (3). Defined the vector

 = {0() 1()     ()} 
Differentiating Eq. (3) for  times with respect to the embedding parameter ,

and then setting  = 0 and finally dividing them by !, we have the so-called

mth-order deformation equation

(7)  [()− −1()] = ~()(−1)

where,

(8) (−1) =
1

(− 1)!
−1 [( ; )]

−1

¯̄̄̄
=0

and

 =

½
0  ≤ 1
1   1

It should be emphasized that () for  ≥ 1 is governed by the linear Eq. (7)
with the linear boundary conditions coming from the original problem, which

can be easily solved by using symbolic computation software such as Maple and

Mathematica.

47



2.2. Application

In order to assess the accuracy of HAM for solving linear or nonlinear parabolic

equations with variable physical parameters and to compare it with exact, we

will consider the four following examples.

2.2.1. Example 1. Consider Eq. (1a), with the following assumptions to

make it more specific:

(9)  = 1 ( ) = ( ) = 0 ( ) = ( ) = 1

Therefore

(10)  =  + 

With the new initial condition

(11) (  0) = (+)

We choose the initial guesses and auxiliary linear operator in the following form:

(12) 0(  ) = (+)

(13) ((  )) =
(  )



We construct the following problems:

Zeroth —order deformation problems

(14) (1− ) [(  ; )− 0(  )] = ~ [(  ; )]

(15)  [(  )] =
(  )


− (

2(  )

2
)− (

2(  )

2
)

For  = 0and  = 1

we have

(16) (  ; 0) = 0(  ) (  ; 1) = (  )

When increases from 0 to 1 then (  ; ) vary from 0(  )to (  ) .

Due to Taylor series with respect to  , we have
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(  ; ) = 0(  ) +

∞X
=1

(  )


where

(17) (  ) =
1

!

((  ; ))




Then we have

(18) (  ) = 0(  ) +

∞X
=1

(  )

mth —order deformation problems

(19) [(  )− −1(  )] = ~(  )

(20) (  0) = 0

(21)  = (−1) − (−1) − (−1)

(22)  =

½
0  ≤ 1

1   1

The following terms are solutions for three term of the solution.

(23) 1(  ) = −2~(+)

(24) 2(  ) = 2 = −2~+ − 2~2+ + 2~22+

(25) 3(  ) = −2+
µ
~+ 2~2+ ~3− 2~32 − 2~22 + 2

3
~33

¶
The solution 4(  ) was too long to be mentioned here, therefore, it is shown

graphically.
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2.2.2. Example 2. Consider Eq. (1a), with the following assumptions to

make it more specific:

(26)  = 1  =  = 0 (−→  ) = 1 (−→  ) = 1

Therefore

(27)  =  + 

with the initial condition

(28) (  0) = 

We choose the initial guesses and auxiliary linear operator in the following form

(29) 0(  ) = 

(30) ((  )) =
(  )



We construct the following problems:

Zeroth —order deformation problems

(31) (1− ) [(  ; )− 0(  )] = ~ [(  ; )]

(32)  [(  )] =
(  )


− (

2(  )

2
)− (

2(  )

2
)

For  = 0and  = 1 we have

(33) (  ; 0) = 0(  ) (  ; 1) = (  )

When increases from 0 to 1 then (  ; ) vary from 0(  )to (  ) .

Due to Taylor series with respect to  , we have

(  ; ) = 0(  ) +

∞X
=1

(  )


where
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(34) (  ) =
1

!

((  ; ))




Then we have

(35) (  ) = 0(  ) +

∞X
=1

(  )

mth —order deformation problems

(36) [(  )− −1(  )] = ~(  )

(37) (  0) = 0

(38)  = (−1) − (−1) − (−1)

(39)  =

½
0  ≤ 1

1   1

The following terms are solutions for three term of the solution.

(40) 1(  ) = −~

(41) 2(  ) = −~− ~2+ 1
2
~22

(42)

3(  ) = −~− ~2+ 1
2
~22 + ~(−~− ~2+ 1

2
~22)

− ~(−1
2
~2 − 1

2
~22 + 1

6
~23)

The solution 4(  ) was too long to be mentioned here, therefore, it is shown

graphically.

2.2.3. Example 3. Consider Eq. (1a), with the following assumptions to

make it more specific:

(43)  = 1  = 0 (−→  ) = 1 (−→  ) = 1 (−→  ) = 1
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Therefore the following equation is derived to be solved as the second example:

(44)  =  +  + 

with the new initial condition of

(45) 0(   ) = (1− )(+)

Similar to previous example, we choose the initial guesses and auxiliary linear

operator in the following form:

(46) 0(   ) = (1− )(+)

(47) ((   )) =
(   )



We construct the following problems:

Zeroth —order deformation problems

(48) (1− ) [(   ; )− 0(   )] = ~ [(   ; )]

(49)

 [(   )] =
(   )


−(

2(   )

2
)−(

2(   )

2
)−(

2(   )

2
)

For  = 0and  = 1 we have

(50) (   ; 0) = 0(   ) (   ; 1) = (   )

When  increases from 0 to 1 then (   ; ) vary from 0(   ) to

(   ) . Due to Taylor series with respect to  , we have

(   ; ) = 0(   ) +

∞X
=1

(   )


where,

(51) (   ) =
1

!

((   ; ))




Then we have
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(52) (   ) = 0(   ) +

∞X
=1

(   )

mth —order deformation problems

(53) [(   )− −1(   )] = ~(   )

(54) (   0) = 0

(55)  = (−1) − (−1) − (−1) − (−1)

(56)  =

½
0  ≤ 1

1   1

The following terms are solutions for three term of the solution.

(57) 1(   ) = −2~(1− )(+)

(58) 2(   ) = −2~(1− )(+)− 2~2(1− )(+)+2~2(1− )(+)2

(59)

3(  ) = −2~(1− )(+)− 2~2(1− )(+)+ 2~2(1− )(+)2

+~(−2~(1− )(+)− 2~2(1− )(+)+ 2~2(1− )(+)2)

−2~(−~(1− )(+)2 − ~2(1− )(+)2 + 2
3
~2(1− )(+)3)

The solution 4(   ) was too long to be mentioned here, therefore, it is

shown graphically.

2.2.4. Example 4. Consider Eq. (1a), with the following assumptions to

make it more specific:

(60)  = 1  = 0 (−→  ) = 1 (−→  ) = 1

Therefore the following equation is derived to be solved as the second example:
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(61)  =  + 

with the new initial condition of

(62) (  0) = (1− )

We choose the initial guesses and auxiliary linear operator in the following form:

(63) 0(  ) = (1− )

(64) ((  )) =
(  )



We construct the following problems:

Zeroth —order deformation problems

(65) (1− ) [(  ; )− 0(  )] = ~ [(  ; )]

(66)  [(  )] = (
(  )


)− (

2(  )

2
)− (

2(  )

2
)

For  = 0and  = 1 we have

(67) (  ; 0) = 0(  ) (  ; 1) = (  )

When increases from 0 to 1 then (  ; ) vary from 0(  )to (  ) .

Due to Tailors’ series with respect to  , we have

(  ; ) = 0(  ) +

∞X
=1

(  )


where,

(68) (  ) =
1

!

((  ; ))




Then we have

(69) (  ) = 0(  ) +

∞X
=1

(  )
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mth —order deformation problems

(70) [(  )− −1(  )] = ~(  )

(71) (  0) = 0

(72)  = (−1) − (−1) − (−1) − (−1)

(73) =

½
0  ≤ 1

1   1

The following terms are solutions for three term of the solution.

(74) 1(  ) = −~(1− )

(75) 2(  ) = −~(1− )− ~2(1− )+
1

2
~2(1− )2

(76)

3(  ) = −~(1− )− ~2(1− )+ 1
2
~2(1− )2

+~(−~(1− )− ~2(1− )+ 1
2
~2(1− )2)

−~(−1
2
~(1− )2 − 1

2
~2(1− )2 + 1

6
~2(1− )3)

Like previous case, the solution 4(  ) was too long to be mentioned here,

therefore, it is shown graphically.

3. Convergence of the HAM solution.

As pointed out by Liao, the convergence and rate of approximation for the

HAM solution strongly depends on the values of auxiliary parameters ~. Figs
(1—4) clearly depict that the ranges, for admissible values of ~ for example 1
is −095  ~  −11 , for example 2, is −15  ~  −08, for example 3, is
−095  ~  −11 and for example 4, is −095  ~  −11 .Our calculations
clearly indicate that series converge for whole region of variable parameters

when~ = −1.
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Fig.1. Curve for  = 1,  = 1,  = 01

by 5th-order approximation of solution

for example 1

Fig.2. Curve for  = 1  = 1  = 1

by 5th-order approximation of solution

for example 2

Fig.3. Curve for  = 1,  = 01,  = 1

 = 01 by 5th-order approximation of

solution for example 3

Fig.4. Curve for  = 1,  = 01,  = 01

by 5th-order approximation of solution

for example 4

4. Comparing the results with the exact solutions.

The comparison of the result of the HAM and exact solutions are given in

following figures.

56



Fig.5. plot of HAM result of the

(  ) at  = −1,  = 1 for example 1
Fig.6. plot of exact solution of the

(  ) at  = 1 for example 1

Fig.7. plot of HAM result of the

(  ) at  = −1,  = 1 for example 2
Fig.8. plot of exact solution of the

(  ) at  = 1 for example 2
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Fig.9. plot of HAM result of the

(   ) at  = −1,  = 01,  = 1
for example 3

Fig.10. plot of exact solution of the

(   ) at  = 01,  = 1 for

example 3

Fig.11. plot of HAM result of the

(  ) at  = −1,  = 01 for
example 4

Fig.12. plot of exact solution of the

(  ) at  = 01 for

example 4
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Table 1. The HAM results for example 1 for the first five

approximations in comparison with theanalytical solutions

Table 2. The HAM results for example 2 for the first five

approximations in comparison with the analytical solutions.
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Table 3. The HAM results for example 3 for the first five

approximations in comparison with the analytical solutions.

Table 4. The HAM results for example 4 for the first five

approximations in comparison with the analytical solutions.

5. The comparison of the methods and conclusions

Results clearly show that Homotopy Analysis Method applied to the equations

was capable of solving them with successive rapidly convergent approximations

without any restrictive assumptions or transformations causing changes in the

physical properties of the problem. Also adding up the number of iterations

leads to the explicit solution for the problem. In HAM we can choose ~ in an
appropriate way. The results show us the validity and great potential of the

HAM for linear and nonlinear parabolic equations
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