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Abstract. Ideal convergence was presented by Kostyrko et al. in 2001. This
concept was extended to the double sequences by Tripathy et al. in 2006. In
this paper we introduce the notions of I—convergence, I—bounded,
I—inferior and I —superior for triple sequences. We also investigate some
further properties of I—Ilimit superior and I—Ilimit inferior of triple
sequences.
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1. Preliminaries

In this article we aimed to extend the notion of statistically convergent
triple sequences to I— convergent triple sequences. Now we recall
some definitions and notions introduced in [14].

Definition 1. A function x : NxNxN—R(C) is called a real
(complex) triple sequence.

Definition 2. A triple sequence (x,,) is said to be convergentto L
in Pringsheim'’s sense if for every & >0, there exists ny(¢)eN such
that |x,, —L| <& whenever nk,I>n, .



Definition 3. A triple sequence (xnk,) is said to be Cauchy sequence if
for every & >0, there exists ny(s)e N such that

‘X Xak

oqr — Xou| <€ Whenever p>=nx>n;,q=k=n,r=l>n,.

Definition 4. A triple sequence (x,,) is said to be bounded if there
exists M >0 such that |x,|<M forall nkleN .

We denote the set of all bounded triple sequences by ¢3. It can easily
be shown that ¢ is a normed space by

I E‘L:FIJ|XnkI| <.

The notion of statistically convergent double sequences was introduced
by Tripathy [12]. Recall that a subset E of NxN is said to have

density p(E) if p(E)= lim 1> y.(nk) exists, where y.(n,k)

P.a—e n<pk<q
is the characteristic function of the set E. Thus a double sequence
(xnk) is said to be statistically convergent to L in Pringsheim's sense if
for every £ >0,
p({(nk)eNxN : [x, —L|>¢f)=0

[13]. The notion of statistically convergent double sequences was
extended to I— convergent double sequences by Tripathy in [13].

The notion of statistically convergent triple sequences was introduced
by Sahiner [14]. Recall that a subset A of NxNxN is said to have
density p(A) if

pA)= lim 353 7, (k)

P.q.r—e pqr n<p k<q I<r
exists. For example if A= {(n3,k3,I3) “nk,le N} then
3
p(A)= "mwg lim M:o
par pgr  ear  par

where
K(p,q,r)={(n,k,1)eNxNxN : p>n, gk, r>1}

and |K(p,q,r) is the cardinality of K(p,q,r) . Thus a triple sequence
(x,4) is said to be statistically convergent to L in Pringsheim's sense if



forevery ¢ >0,
p({(n,k,l)eNxNxN : |Xnk|—L|25})=O.

Let X be a non-empty set, then a non-void class I <2* (power set of
X ) is called an ideal if I is additive (i.e. ABeI= AUBeI) and
hereditary (i.e. AcTandBc A=BeI). Anideal Ic2* is said to

be non-trival if I =2 .

A non-trival ideal I is said to be admissible if I contains every finite
subset of N. A non-trival ideal I is said to be maximal if there does
not exist any non trival ideal J I containing I as a subset.

In this article we aimed to introduce and examine I-— related
interesting properties of triple sequences.

We denote the ideals of 2" by I ; the ideals of 2™ by I, and the
ideals of 2™V by 1.

2. ldeal convergence of triple sequences

Definition 5. Let I, be an ideal of 2™™"  then a triple sequence
(x,q) issaidtobe I— convergentto L in Pringsheim's sense if for
every &>0,

{(nk1)eNxNxN : |x,, —L|>s}eL,
If (x,,) is I— convergentto L wewrite I, - limx, =L .

Now we give some examples of ideals and corresponding
I —convergences.

(1) Let I,(f) be the family of all finite subsets of NxNxN . Then

I,(f) is an admissible ideal in NxNxN and I,(f) convergence

coincides with the convergence of triple sequences in Pringsheim's
sense.
(I1) Let AcNxNxN be a three dimensional set of positive integers

and let A(p,q,r) be the cardinality of (n,k,1) in A such that

n<p, k<qg, I <r. In case of the sequence Iim(%) has a limit
p.q.r

in Pringsheim's sense then we say that A has a triple natural density



and we denote this by Iim(m): p(A) Put

p.q,r par
I,(p)={AcNxNxN : p(A)=0} Then I,(p) is an admissible
ideal in NxNxN and 1I,(p) convergence coincides with the
statistical convergence in Pringsheim's sense [14].

Example 1. Let I=1I,(p). Define the triple sequence (x ) by
1 ,if n,kand I aresquares
" ={5 ,otherwise.
Then for every &>0

p{(nk,1)eNxNxN : |x,, —5>¢f)< lim %:o.

p.q.r

This implies that I -limx,, =5 in Pringsheim's sense. But, the
sequence (x.,,) is not convergent to 5 in Pringsheim's sense.

Remark 1. If I, is admissible and (x,) converges to L in

Pringsheim's sense, then (x,,) is I—convergentto L in Pringsheim's
sense.

3. I- limit superior and I- limit inferior for triple sequences

Definition 6. Let I, be an ideal of 2V™" . A number ¢ is said to be
an I,-limit point of the triple sequence (xnk,) provided that there
exists a set M ={n <n, <..}x{k <k, <.}x{l, <l, <..}c NxNxN
suchthat M ¢I, and P—limx, , =¢& forall i,jm=12...

Definition 7. A number ¢ is called to be an I—cluster point of the
triple sequence (x,,) if foreach >0,
{(n,k,l)eNxNxN: Xai —§|<8}§E13.

Definition 8. A real triple sequence (x,,) is said to be bounded if
thereisa K >0 suchthat {(n,k,1)e NxNxN: [x,|> Klel,



Now let (x,,) be a triple sequence and teR . Then we set the
following sets to be able to give the definitions of T—liminf x and
I-limsupx of (x,,).

M, ={(nk,1) : X, >t} M' ={nk,1) : x,, <t}.

Definition 9. (a) If thereisa t e R such that M, ¢ I,, we put
I-limsupx=sup{teR : M, ¢L,}
If M, €I, holds for each t e R then we put I—limsupx =—cx.
(b)Ifthereisa teR suchthat M'eI,, we put
I—liminf x:inf{teR - M eIS}.

If M'eI, holdsforeach teR thenweput I—liminfx=-+o.

Example 2. If we define (x,,) by
, nis an odd square

n

2 , nisanevensquare
W=V nisan odd nonsquare
0 , nisan even nonsquare
or

, k is an odd square

,  kisanevensquare
X g = _
"« . kis an odd nonsquare

o = N T

, ks an even nonsquare
or

: | is an odd square
,  lisaneven square

X =
" 711 |, lisan odd nonsquare

then, in each case, (x,,) is not bounded above but it is I— bounded.
Also, {teR: M, gL}=(-o1), feR:M'er,}=(0) and
thus I-limsupx=1, I—liminfx=0 . On the other hand (x,,)
can not be I-— convergent in Pringsheim's sense and the set of I-—

I
2
1
0 , lisaneven nonsquare
)
2=



cluster points in Pringsheim's sense is {0,1} So we have the

following.

Theorem 1. (i) #=I-limsupx ifand only if foreach £>0,
{nk,1)eNxNxN: x, >B-¢}el,

and
{nk,)eNxNxN: x, >p+s}el,

(i) a =1—liminf x if and only if foreach &£>0 ,
{nk,)eNxNxN: x, <a+elel,

and
{nk,1)eNxNxN: x, <a—¢&}eL,.

Proof. (i) We prove necessity first. Let &£ >0 be given. Since
B+e>p, (B+e)elt : M, eI} and

{(n,k,)eNxNxN: x,, >f+e}eI, Similarly,since f—-s<p,
there exists some t' suchthat f—e<t'<f and t'eft : M, ¢IL,}
Thus {(n,k,1)e NxNxN: x, >t'}¢I, and

{nk,1)eNxNxN: x, >f-¢}eI,.

Now we prove sufficiency. If £>0 then (8+&)eft : M, ¢I,} and
I,—limsupx,,<f+¢e  On the other hand we already have
I, —limsupx, >pf—¢ and this means I,—limsupx,=/4 as
desired.

(i) can be proved analogously.

Theorem 2. For every real triple sequence (X0 )
I, —liminf x,, <I, —limsupx,, .

Proof. If (xnk,) is any real triple sequence we have three possibilities:
(1) The case I,—limsupx,, =+oo isclear.
(2) If I,—limsupx,, =—c. Then we have

teR=>M,eLand M' ¢1,.
Thus, I, —liminf x ,, =inf {t C Mg Ia}= inf R=—o0 and
I, —liminf x , <I,—limsupx,, .



(3) If —o<1I,—limsupx,, <+ andif S=I,—limsupx., then for
any teR,

B<t=M elandM' ¢I,.
But this means I, —liminf x,, =inf {t : M' elg}s B.

Theorem 3. For any I— bounded real triple sequence (x,,) we

have the following inequalities.
P—liminf x ,, <I,-liminf X ,, <I,—limsupX,, <P—-limsupx,.

Proof. The case P-limsupx,, =+c is straightforward. Let
P—limsupx,,=L<+o0 . Then for any t'>L, M, €I, So
t'eft : M, eI} implies I,—limsupx, =supft : M, eI,}<t' and
I,—limsupx,, <L. This proves the last inequality. For the first one,
if P-Iliminf x,,, =-c then clearly the inequality holds. Let
P—liminfx,, =T >-o . Then for any t'<T, M"eI,. So
t'e{t : M eI3} implies I, —liminf xn,d:sup{t ; Mte13}>t' and
I,—limsupx, >T.

Remark 2. If I,-limx, existsthen (x,) is I— bounded.

Remark 3. Note that ideal boundedness of triple sequences implies
that I, —limsup and I, —liminf are finite.

Recall that the core of a bounded double sequence x,, that is,
P —core(x,, ) is the interval
[P —liminf x ., P —limsupx,, |= P —core(x,, ); I— core of bounded
double sequence x,, is the interval [T, —liminf x ,,I, —limsupx,,|.

Analogously we give the definitions of P—core and I—core of a
bounded triple sequence X, -

Definition 10. We define the P —core of bounded real triple sequence
)Y
[P —liminf x_,,P —limsupx,,|.



Definition 11. If (x,,) isany I, bounded real triple sequence then
we define its I—core by

[T, —liminf x ,, I, —limsupx,, ]
We use I,—core(x,,) todenote I, coreof X, .

Corollary 1. If (xnk,) is any real triple sequence then we have
1, —core(x,, )< P —core(x,, ).

Theorem 4. A real triple sequence (x,,) is I,— convergent if and
only if I, —liminf x ,, =I,—limsupx,, .

Proof. Let L=I,—limx.,. Then

{(n,k,1)eNxNxN: x, >L+e}eI, and

{(n,k,1)eNxNxN: x, <L-g}eI, Thenforany t>L+e& and
t'<L-g, the sets M, and M" are in I, Hence
sup{t : M, ¢L,}<L+& and inf{t’ : M“gI?,}z L-& . To prove
sufficiency let £>0 and L=1I,-Iliminf X, =I,—limsupx.,. Then

since
{n N eNxNxN: [x, —L[>&fc {(nk,1)eNxNxN: X,y >L+e}

U{(nk,1)eNxNxN: x , <L-s}
we conclude that L=I,-limx,, .

Note that if (x,,) is a bounded real triple sequence then we denote the
setof all I, cluster points of (x,) by I,(T,)

Theorem 5. Suppose (xnk,) is a bounded real triple sequence then
I, - limsupx,, =max I,(T, )

and
I, - liminf x_,, = min I,(T, )

Proof. Let
I, —limsupx,, = L=supft : {(n,k,)eNxNxN: x , >t}eL,} . If
L'>L then there exists some >0 such that



{nk1)eN: x, >L'—e}eI, and this means there exists some
&>0 such that

{(n k1) eNxNxN: [x,, — L'
thatis, L' ¢(T,)
Now, we show L isreally an I,— cluster point of (x,). Clearly,
for each £>0 there exists some te(L—g L+g) such that
{nk,)eNxNxN: x, >t}eI, and this implies
{(nk1)eNxNxN: [x, —L|<e}eL,

<£}eI3,

4. Further properties

In this section we prove some further results on I—limsup and
I-liminf of atriple sequence.

Theorem 6. Let I, be an ideal of 2™, If x=(x,)y=(y,,) are
two I— bounded triple sequences in Pringsheim's sense, then

(i) T-limsup(x+y)<I-limsupx+I—limsupy

(i) T—liminf(x+y)>I—liminf x+I—liminf y.

Proof. Since the proof of (ii) is analogous we prove only (i) Let
¢, =I-limsupx, /¢,=I-limsupy and &£>0 be given. We know
that both ¢, and ¢, are finite. Let

A={ceR : {nk1): X+ Y >CleI}
We can also assume that A is not empty. Now since

{(n,k,l) L X <€l+g}m{(n,k,l) Yo <gz+§}

(K1) 2 Xy + Vo <ly+0,+5)
we have
{(n,k,l) © Xok T You >£1+£2+5}

c {(n,k,l) C X >€l+g}u{(n,k,l) Yo >€2+§}.

Since both sets on the right-hand side belong to I, we conclude



(k1) 0 X+ Yoy >0, +0, +6} €T,

If ceA then {nk1): X, +Y,>CleI,. We claim that
c</!,+/¢,+¢. For, otherwise we would have
k1) 2 X+ Yo > b {0k 1) 0 X + Yoo > 4 +4, + 5}
which means {(n,k,1): X, +V,, >CleI,, a contradiction. Hence
c</,+/,+¢ and we deduce
I, — limsup(X,, + Vo) =SUPAL L, + 1, +¢.

Since ¢ >0 is arbitrary, this completes the proof.
We need the following definition for the subsequent theorem.

Definition 12. Let I, be an ideal of 2™™". Asequence x=(x,,)
is said to be I-— convergentto +oco in Pringsheim's sense (or —o)
if for every real number G>0, {nk1): x, <Gle1,
(or{(n,k,1) : x,,, >-G}eZI,)

Theorem 7. If I, is an admissible ideal and I—limsupx=/¢, then
there exists a subsequence of (x,) thatis I— convergentto ¢ in
Pringsheim's sense.

Proof. Since ®eI, and I, is admissible, we can assume that
(x,q) is a non-constant triple sequence having infinite number of

distinct elements.
Case (i) : If /=—co Then from definition, {teR : M, gI}=.

Hence, if K >0, then {(n,k,1): x,>—2K}eI, Since

{nk1): x o =-K}c{nk1): x,, >-2K},
we have {(nk,1): x,>-K}eI, andso I-limx=—co,
Case (i) : If ¢=+ then {teR : M, ¢I}=R. Soforany teR,
K1) x,>tieT, Let x,, bean arbitrary term of (x,) and
let A, ={nkl): Xy >x,, +1} Since ®eI, , A, isnot
empty and also A, #I,. We claim that there is at least one
(nk1)eA,, such that n>n+Lk>k+1  I>l+1 For,
otherwise



Ahkl,lc{(Ll,l),(2,2,2),...,(n1,nllnl),(nl+1,n1+],n1+1)}, which is a
member of I, (since I, is admissible) and so A, €I, a

contradiction. We call this  (n,k,1) as  (n,k,l,)  Thus
Xok, > Xk, +1. Proceeding in this way we obtain a subsequence

Wi | OF (Xyo) With X, >x, . +1 forall i Since for any
K>0, {n.k,k): x,, <K is afinite set, it must belong to I,
because I, isadmissibleandso I,-limx, =+oo.

Case (i) : |If —0< f <+, By Theorem 1(i),
{nk,1): x,,>¢-UeI, sothat {nkl): x,>-1=D We
observe that there is at least one element, say nkl,, in this set for
which Xoget, SL+3, for otherwise
{nk 1) 2 X > 0=Lc{nk1) : x>0 +1}eT, which is a
contradiction. Hence we have

C=1< Xy, ££+%<€+1.

nyKy
Next we proceed to choose an element X, ., from (X ) N, >N, ,
k,>k, and I,>1,  such that X . >£—%, for otherwise
(k1) 2 x> 0-31c{112).(2,2,2)...(n,,n,,n,)} is a member of

I, which contradicts (i) of Theorem 1. Hence

. (say) = .

nykyly

{(n,k,l) :n>n,k>k,1>1and x, >£—%}=E

Now if (n,k,1)eE,,, alwaysimplies X, >¢+%1 then

= c{(n,k,l) © X 2€+%}c{(n,k,l) D X >€+%}.

By (i) of Theorem 1, the right-hand set belongs to I, and so
E.. €I Since I, isadmissible, {(11,1)(2,2,2)...(n;,n,n)jeI,
and thus

{(n,k,l) X >€—%}c{(1,1,1),(2,2,2),...,(n1,nl,n1)}uEnlkl,l.

So {(nk,1): x,, >¢-1}e1,,acontradiction to Theorem 1.
The above analysis therefore shows that there is N2 @n1 | k, >k,



and I, >, suchthat /-3 <x,, </+3. Proceeding in this way we
obtain a subsequence x| Of (X) m>n_k >k, and

l; >1,, suchthat ¢—3<x,, <¢+; foreach i. The subsequence
{xniki,i} therefore converges to ¢ in Pringsheim's sense and is thus

I- convergentto ¢ in Pringsheim's sense by Remark 1. This proves
the theorem.

The reasonings made up to now give the folowing results.

Theorem 8. If I—Iliminf x=¢, then there is a subsequence of (x,)
which is I— convergentto /¢ in Pringsheim's sense.

Theorem 9. Every I— bounded triple sequence () in

Pringsheim's sense has a subsequence which is I— convergent to a
finite real number in Pringsheim's sense.
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