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1Department of Mathematics, Faculty of Science, Ege University, Bornova-İzmir, 35100,
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Summary. A communication network can be considered to be highly vulner-

able to disruption if the destruction of a few elements can result in no member’s

being able to communicate with very many others. This idea suggests the con-

cept of the integrity of a graph. The vertex-integrity of a graph , denoted

(), is defined by () = min
⊂ ()

{|| + (− )} where (− ) denotes

the maximum order of a component of −. In this paper we consider the in-

tegrity of middle graphs of specific families of graphs and combinations of these

graphs.
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1. Introduction

The stability of a communication network composed of processing nodes and

communication links is of prime importance to network designers. As the net-

work begins losing links or nodes, eventually there is a loss in its effectiveness.

Thus, communication networks must be constructed to be as stable as possi-

ble, not only with respect to the initial disruption, but also with respect to

the possible reconstruction of the network. The communication network can be

represented as an undirected graph. Tree, mesh, hypercube and star graph are

popular communication networks. If we think of the graph as modeling a net-

work, there are many graph theoretical parameters used in the past to describe
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the stability of communication networks. Most notably, the vertex-connectivity

and edge-connectivity have been frequently used. The best known measure of

reliability of a graph is its vertex-connectivity () defined to be the minimum

number of vertices whose deletion results in a disconnected or trivial graph.

The difficulty with these parameters is that they do not take into account what

remains after the graph is disconnected. Consequently, a number of other pa-

rameters have recently been introduced in order to attempt to cope with this

difficulty.

The concept of integrity was introduced as a measure of graph vulnerability in

this sense. Formally, the vertex-integrity (frequently called just the integrity) is

() = min
⊂ ()

{|| + (− )}

where () denotes the order of a largest component of H. This concept was

introduced by Barefoot, Entringer and Swart, who discovered many of the early

results on the subject [3-6, 8-10].

A few further comments on notation are appropriate here. The order of a graph

, that is the number of vertices, will generally be denoted by n. As usual  ()

and () will denote respectively the sets of vertices and edges of , and  will

denote a proper subset of  . As noted earlier, () equals the largest order

among the components of .

Definition 1.1: [7, 13] An independent set of vertices of a graph  is a set

of vertices of  whose elements are pair wise nonadjacent. The independence

number () of G is the maximum cardinality among all independent sets of

vertices of .

Definition 1.2: [7, 13]  vertex is said to cover each other in a graph  if it is

incident in .  cover in  is a set of vertices that covers all edges of . The

minimum cardinality of a cover in a graph  is called the covering number of

 and denoted by ().

Theorem 1.1: [7, 13] For any graph  of order ,

() + () = 

The next section contains results on the integrity of specific families of graphs,

on bounds for the integrity, on relationships between integrity and other para-

meters. In Section 3 we formulize integrity values of middle graph of some basic

graphs. Finally, we find integrity of middle graph of graphs that are obtained

from cartesian product of some graphs.

In this work, the first integer larger than x is denoted by de, the first integer
small than  is denoted by bc, and the absolute value of x is denoted by ||.
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2. Basic Results

In this section we will review some of the known results about integrity:

Theorem 2.1: [4] The integrity of

(a) complete graph  is () = ,

(b)the null graph is () = 1,

(c) the star is (1) = 2,

(d)the path is () =
§
2
√
+ 1

¨− 2,
(e) the cycle is () = d2

√
e− 1,

(f)the complete bipartite graph is () = 1 +min {}.

Theorem 2.2: [4] If, in graph , v is a vertex for which deg  ≥ (−), then
() = 1 + (− ).

Theorem 2.3: [4] For any graph ,

(a) () ≤ () + 1,

(b) () ≤ () + 1, where () denotes the minimum vertex degree,

(c) () ≥ (− ())() + ().

Theorem 2.4: [2] For  ≥ 3, let  = ¥√+ 1¦ and  =
§
2
√
+ 1

¨
. Then

(2 × ) =

½
2()− 1  + 1 ≤ (− − 1

2
)

2() 

Theorem 2.5: [2] For  ≥ 3, let  = b√c and  = d2√e. Then

(2 × ) =

½
2()− 1  + 1 ≤ (− − 1

2
)

2() 

Theorem 2.6: [8] If  ≤ , then

(1 ×1) =

½
2 − 1   = 

2 

Theorem 2.7: [8] For 2 ≤  ≤ ,

 ( ×) = − max
1≤≤

¹
 (− )



º


3. Integrity of Middle Graphs of Basic Graphs

In this section, firstly we define middle graph of a graph. Then we obtain the

integrity of middle graph of basic graphs. Finally, we calculate the integrity
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of middle graph of graphs that are obtained from cartesian product of some

graphs.

Definition 3.1: [1, 11, 12] The middle graph () of a graph is the graph

obtained from  by inserting a new vertex into every edge of  and by joining

edges those pairs of these new vertices which lie on adjacent edges of  (see Fig

3.1).

Figure 3.1

Theorem 3.1: Let() be the middle graph of graph  of order  vertices.

Then

(()) =
l
2
√
2
m
− 2 for every  ≥ 3.

Proof: Let  be a subset of  (()). For a graph (), the number of

remaining components after removing || =  vertices is given in Table 3. 1.

Table 3.1

The number of the vertices of () is 2 − 1. If r vertices is removed from
graph (), then one of the remaining connected components has at least
2−1−
+1

vertices. So the number of vertices of largest remaining component is

(()− ) ≥ 2−1−
+1

. So

(()) ≥ min


½
+
2− 1− 

 + 1

¾
.
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The function +2−1−
+1

takes its minimum value at  = −1 + √2. If we

substitute the minimum value in the function, then we have

(()) = 2
√
2− 2 for every  ≥ 3.

Since the integrity is integer valued, we round this up to get a lower bound. So

the integrity of () is,

(()) =
l
2
√
2
m
− 2 for every  ≥ 3.

The proof is completed.

Theorem 3.2: Let() be the middle graph of  of order n vertices. Then

(()) =
l
2
√
2
m
− 1 for every  ≥ 3.

Proof: Let S be a subset of  (()). For a graph (), the number of

remaining components after removing || =  vertices is given in Table 3.2.

Table 3.2

Since the number of the vertices of () is 2 and (() − ) ≥ 2−

,

we have (()) ≥ min{+ 2−

}. After making required elementary arith-

metical operations, we get

(()) =
l
2
√
2
m
− 1.

The proof is completed.

Now we consider the graph (). Before we obtain the value (()),

we calculate the value ((4)). This gives us the idea to obtain the value

(()).

Example 3.1: (4) be the middle graph of complete graph 4 . Then

((4)) = 7.

Let  be a subset of  ((4)). There are three cases to choose the set .

These are given in Figure 3. 2.
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Figure 3.2

Case 1. In Figure 3.2 (a), if we choose the set  = {1 2 3 4}, then we have
((4)) = 6. So ((4)) = 4 + 6 = 10.

Case 2. In Figure 3.2 (b), if we choose the set  = {1 2 3 4 5}, then we
have ((4)− ) = 3. So ((4)) = 5 + 3 = 8.

Case 3. In Figure 3.2 (c), if we choose the set  = {1 2}, then we have only
one component. This component is (4). By ((4)) = 5 from Theorem

3.2, we have ((4)) = 7.

Theorem 3.3: Let() be the middle graph of  of order n vertices. Then

(()) =
(− 3)

2
+
l
2
√
2
m
− 1

Proof: Since a complete graph with  vertices has
(−1)

2
edges, the number

of the vertices of () is  +
(−1)

2
. The graph () contain a subgraph
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. If the proof is done for  vertices according to the above example, then we

choose all new vertices except for the new vertices adding to the edge of  as

the set  . In this case, if we remove the
(−1)

2
− vertices from (), then

we have only one component. This component is (). So

(()) =

µ
 (− 1)

2
− 

¶
+ (())

and from Theorem 3. 2, we have

(()) =
(− 3)

2
+
l
2
√
2
m
− 1

The proof is completed.

Theorem 3.4: Let (1) be the middle graph of 1 of order n vertices.

Then

((1)) = + 1

Proof: The number of the vertices of (1) is 2+ 1. Any graph (1)

contains a complete graph . If the vertices of  is removed from graph

(1), then all + 1 remaining components have one vertex. So

((1)) = + 1

((1)) = 1 + ()


The proof is completed.

Now we consider the graph (1). Before we obtain the value ((1)),

we calculate the value ((15)). This gives us the idea to obtain the value

((1)).

Example 3.2: Let (15) be the middle graph of wheel graph 15. Then

((15)) = 10.

Let  be a subset of  ((1)). There are three cases to choose the set .

These are given in Figure 3. 4.
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Figure 3.4

If we choose the set  like in Figure 3.4, then we obtain ((15)) = 5 +

(5) = 11,((15)) = 7 + 3 = 10 and ((15)) = 10 + 2 = 12, respec-

tively.

Since the value obtained from Case 1 is always upper bound for ((15)),

we say ((15)) ≤ 5 + (()).

Theorem 3.5: Let(1) be the middle graph of1 of order +1 vertices.

Then

((1)) ≤ +
l
2
√
2
m
− 1

Proof: If the proof is done for + 1 vertices according to the above example,

then we choose the vertices which are put into edges of the maximum ordered

vertices in graph 1. The number of these vertices is . If we remove 

vertices from(1), then remaining component is only one. This component

is (). So the integrity of (1) is

((1 )) ≤ + (())

and from Theorem 3. 2, we have
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((1)) ≤ +
l
2
√
2
m
− 1

The proof is completed.

Theorem 3.6: Let (2) be the middle graph of 2 ×  of order 2

vertices. Then

((2)) ≥
¹√
30− 3− 3

2

º
for every   4

Proof: Let  be a subset of  ((2)). For a graph (2), number

of remaining components after removing vertices are given in Table 3.3.

Table 3.3

Since the number of the vertices of(2) is 5−2 and((2)−) ≥
5−2−
2
3
+1

, we have ((2)) ≥ min
n
 + 5−2−

2
3
+1

o
. After making required

elementary arithmetical operations, then we get

((2)) ≥
¹√
30− 3

2

º
for every   4

The proof is completed.

Remark 3.1: For every   4, integrity values are given in Table 3.4

Table 3.4

Theorem 3.7: Let (2) be the middle graph of 2 ×  of order 2

vertices. Then

((2)) 
§ −1 +√30− 3¨ for every   3
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Proof: Let  be a subset of  ((2)). For a graph (2), number

of remaining components after removing vertices are given in Table 3.5.

Table 3.5

If we remove  vertices from graph (2), then the number of remain-

ing components is
§
2−1
3

¨
for  ≤ 3 and,

¥
2−1
3

¦
for every   3. Since the

number of the vertices of (2) is 5 and ((2) − ) ≥ 5−
2−1
3

,

we have ((2)) ≥ min
n
 + 5−

2−1
3

o
. After making required elementary

arithmetical operations, we get

((2)) 
§−1 +√30− 3¨ for every   3

The proof is completed.

Remark 3.2: For every  ≤ 3, the integrity values are given in Table 3.6.

Table 3.6

Theorem 3.8: Let (2 ×1) be the middle graph of 2 ×1 of order

2(+ 1) vertices. Then

((2 ×1)) = 2+ 3

Proof: The number of the vertices of (2×1) is 5+3. If we remove the

2 vertices which are on edges between ,  and other vertices from (2 ×
1), then all remaining components have three vertices. If we choose the set

 like this, then the integrity of (2×1) is minimum. So the integrity of

(21) is

((2 ×1)) = 2+ 3

The proof is completed.

By using integrity values in Theorem 3.6 and Theorem 3.7, the following results

can be seen easily.

Corollary 3.1: For every  ≥ 3, we have
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((2 × ) ≥ 2(()) + 1

Corollary 3.2: For every  ≥ 3, we have

((2 × ) ≥ 2(()) + 1

4. Conclusion

In this article the concept of integrity was studied as a one of measure of graph

vulnerability. Vulnerability value helps people who are studying on networks

about how the communication network can be constructed if any of lines or

centers of network are damaged.

In this article graphs are taken as a model of network and it is thought that

how it would become more stable and strong. For this purpose new vertices

were inserted to graph. This operation was done by using definition of middle

graph of a graph. New integrity values were calculated after removing vertices

from this new graph.

The following table shows integrity values of any graphs and middle graphs of

same kind of graphs. But we noticed to choose graphs such that both of them

have same number of vertices.

Table 3.7

As it is seen in table, integrity of middle graphs are equal to or bigger than

integrity values of graphs that have same structure. These results may help

people who work on networks to choose suitable topology. It is obvious that

middle graphs are more stable structures. Next search may be done by removing

edges instead of vertices.
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