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Summary. In this paper we study the behaviour of the solutions of the follow-
ing di¤erence equation

xn+1 = max

�
A

xn
;
xn�1
B

�
where A, B and the initial conditions x�1and x0 are nonzero real numbers. In
most of the cases we determine the behaviour of the solutions as a function of
the parameters A, B and the initial conditions x�1 and x0.
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1. Introduction

In this paper we study the behaviour of the solutions of the following di¤er-
ence equation

(1) xn+1 = max

�
A

xn
;
xn�1
B

�
where A, B and the initial conditions x�1and x0 are nonzero real numbers.
Some closely related equations were investigated, in [1,2,3,4,5]. For example,

the investigation of the di¤erence equation

(2) xn+1 = max

�
A0
xn
;
A1
xn�1

; :::;
Ak
xn�k

�
; n = 0; 1; :::
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where Ai, i = 0; 1; :::; k, are real numbers, such that at least one of the Ai and
the initial conditions x0; x�1; ::::; x�k, are di¤erent from zero, was proposed in
[3] and [4].
A special case of the max operator in (2) arises naturally in certain models

in automatic control theory (see, [6,7]).
For some other recent studies concerning, the periodic nature of scalar non-

linear di¤erence equations see, for example, [8,9,10].

2. Main Results

2.1. Case I B < 0 < A:In this section we consider the behaviour of the solutions
of (1) in the case B < 0 < A. The following theorem completely desciribes the
behaviour of the solutions of (1) in this case.

Theorem 1 Consider (1),with B < 0 < A,
a) If 0 < x0; x�1, then

(xn) = (x�1; x0;
A

x0
; x0;

A

x0
; :::)

b) If x0; x�1 < 0 and x0
B < AB

x�1
, then

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B
;
AB

x�1
; :::)

c) If x0; x�1 < 0 and AB
x�1

< x0
B , then

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
AB

x0
;
x0
B
;
AB

x0
; :::)

d) If x�1 < 0 < x0 and x1 = A
x0
, then

(xn) = (x�1; x0;
A

x0
; x0;

A

x0
; x0; :::)

e) If x�1 < 0 < x0 and x1 =
x�1
B , then

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B
;
AB

x�1
; :::)

f) If x0 < 0 < x�1 and x1 = A
x0
, B < �1, then

(xn) = (x�1; x0;
A

x0
;
x0
B
;
AB

x0
;
x0
B
;
AB

x0
; :::)

g) If x0 < 0 < x�1 and x1 = A
x0
, �1 < B < 0, then

(xn) = (x�1; x0;
A

x0
;
x0
B
;
A

Bx0
; Bx0;

A

Bx0
; Bx0; :::)
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h) If x0 < 0 < x�1 and x1 =
x�1
B , ABx0 <

x�1
B2 , then

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
x�1
B2

;
AB2

x�1
;
x�1
B2

;
AB2

x�1
; :::)

i) If x0 < 0 < x�1 and x1 =
x�1
B , Bx�12 < AB

x0
, then

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
AB

x0
;
x0
B
;
AB

x0
; :::)

Proof. (a) Let 0 < x0; x�1, then 0 < xn for �1 � n and x1 = max
n
A
x0
; x�1B

o
=

A

x0
. Then, x1 =

A

x0
, x�1B < 0 < A

x0
and x2 = max

�
x0;

x0
B

	
= x0. Hence by

induction we get xn+1 = A
xn
; 0 � n, that is,

(xn) = (x�1; x0;
A

x0
; x0;

A

x0
; :::)

(b), (c) Let x0; x�1 < 0, then 0 < xn for 1 � n and x1 = max
n
A
x0
; x�1B

o
=

x�1
B . If x0

B < AB
x�1

, then x1 =
x�1
B and x2 = max

n
AB
x�1

; x0B

o
= AB

x�1
. It follows

x3 = max
�x�1

B ; x�1B2

	
= x�1

B , x�1B2 < 0 <
x�1
B and x4 = max

n
AB
x�1

; AB
2

x�1

o
= AB

x�1
.

By induction we obtain that x2n = AB
x�1

and x2n�1 =
x�1
B for 1 � n; that is,

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B
;
AB

x�1
; :::)

If ABx�1 <
x0
B , then x2 = max

n
AB
x�1

; x0B

o
= x0

B . It follows x3 = max
n
AB
x0
; x�1B2

o
=

AB
x0

and x4 = max
�
x0
B ;

x0
B2

	
= x0

B . By induction we get x2n =
x0
B and x2n+1 =

AB
x0
for 1 � n; that is,

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
AB

x0
;
x0
B
;
AB

x0
; :::)

(d), (e) Let x�1 < 0 < x0, then 0 < xn for 0 � n: If x1 = A
x0
or x�1

B < A
x0
;

then x2 = max
�
x0;

x0
B

	
= x0, x0

B < 0 < x0 and x3 = max
n
A
x0
; A
Bx0

o
=

A
x0
max

�
1; 1B

	
= A

x0
. Hence by induction it is easy to see that (1) implies the

di¤erence equation xn+1 = A
xn
for 0 � n, in this case, we write

(xn) = (x�1; x0;
A

x0
; x0;

A

x0
; x0; :::)
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If x1 =
x�1
B , then x2 = max

n
A
x�1

; x0B

o
= max

n
AB
x�1

; x0B

o
= AB

x�1
: It follows

x3 = max
�x�1

B ; x�1B2

	
= x�1

B = x1 and x4 = max
n
AB
x�1

; A
x�1

o
= A

x�1
min fB; 1g =

AB
x�1

:Thus by induction we have x2n = AB
x�1

and x2n�1 =
x�1
B for 1 � n, that is,

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B
;
AB

x�1
; :::)

(f), (g) Let x0 < 0 < x�1 and x1 = A
x0
< 0: Then, x2 = max

�
x0;

x0
B

	
= x0

B ,
0 < x0

B and 0 < xn, 2 � n: If B < �1 and x1 = A
x0
, then x2 = x0

B and

x3 = max
n
AB
x0
; A
Bx0

o
= A

x0
min

�
B; 1B

	
=AB

x0
. By induction we get x2n = x0

B

and x2n+1 = AB
x0
for 1 � n, that is,

(xn) = (x�1; x0;
A

x0
;
x0
B
;
AB

x0
;
x0
B
;
AB

x0
; :::)

If B � (�1; 0), then x1 = A
x0
, x2 = x0

B and x3 = max
n
AB
x0
; A
Bx0

o
=

A
x0
min

�
B; 1B

	
= A
Bx0

and x4 = max
�
Bx0;

x0
B2

	
= x0min

�
B; 1

B2

	
= Bx0: By

induction we get x2n = Bx0 and x2n�1 = A
Bx0

for 2 � n, that is,

(xn) = (x�1; x0;
A

x0
;
x0
B
;
A

Bx0
; Bx0;

A

Bx0
; Bx0; :::)

(h), (i) Let x0 < 0 < x�1 and x1 =
x�1
B ; Hence we get 0 < xn for 2 � n and

x2 = max
n
AB
x�1

; x0B

o
= x0

B , 0 <
x0
B :

If ABx0 <
x�1
B2 and x1 =

x�1
B :Then, x2 = x0

B and x3 = max
n
AB
x0
; x�1B2

o
= x�1

B2 :

It follows x4 = max
n
AB2

x�1
; x0B2

o
= AB2

x�1
; 0 < AB2

x�1
. x5 = max

�x�1
B2 ;

x�1
B3

	
= x�1

B2 ;

x�1
B3 < 0 < x�1

B2 : By induction we get x2n = AB2

x�1
and x2n�1 =

x�1
B2 for 2 � n,

that is,

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
x�1
B2

;
AB2

x�1
;
x�1
B2

;
AB2

x�1
; :::)

If x�1
B2 < AB

x0
and x1 =

x�1
B :Then, x2 = x0

B , x3 = max
n
AB
x0
; x�1B2

o
=

AB
x0
: It follows x4 = max

�
x0
B ;

x0
B2

	
= x0

B = x2 and x5 = max
n
AB
x0
; Ax0

o
=

A
x0
min fB; 1g = AB

x0
= x3. Hence by induction we obtain that x2n = x0

B and
x2n�1 =

AB
x0
for 2 � n, that is

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
AB

x0
;
x0
B
;
AB

x0
; :::)
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2.2. Case II A < 0 < B. In this section we consider the behaviour of the
solutions of (1) in the case A < 0 < B. The following theorem completely
describes the behaviour of the solutions of (1) in this case.

Theorem 2 Consider (1),with A < 0 < B.
a) If 0 < x0; x�1, then

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
x�1
B2

;
x0
B2
; :::;

x�1
Bn

;
x0
Bn
; :::)

b) If x0; x�1 < 0 and 1 < B, then

(xn) = (x�1; x0;
A

x0
;
x0
B
;
AB

x0
;
x0
B2
;
AB2

x0
; :::;

ABn�1

x0
;
x0
Bn
; :::)

c) If x0; x�1 < 0 and 0 < B < 1, then

(xn) = (x�1; x0;
A

x0
; x0;

A

Bx0
; Bx0; :::;

A

Bn�1x0
; Bn�1x0; :::)

d) If x�1 < 0 < x0, x1 = A
x0
and 1 < B, then

(xn) = (x�1; x0;
A

x0
; x0;

A

Bx0
; Bx0; :::;

A

Bn�1x0
; Bn�1x0; :::)

e) If x�1 < 0 < x0, x1 = A
x0
and 0 < B < 1, then

(xn) = (x�1; x0;
A

x0
;
x0
B
;
AB

x0
;
x0
B2
;
AB2

x0
; :::;

ABn�1

x0
;
x0
Bn
; :::)

f) If x�1 < 0 < x0, x1 =
x�1
B and 1 < B, then

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B2

;
AB2

x�1
; :::;

x�1
Bn

;
ABn

x�1
; :::)

g) If x�1 < 0 < x0, x1 =
x�1
B , AB

x�1
< x0

B and 0 < B < 1, then

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
AB

x0
;
x0
B2
;
AB2

x0
; :::;

ABn�1

x0
;
x0
Bn
; :::)

h) If x�1 < 0 < x0, x1 =
x�1
B , x0B < AB

x�1
and 0 < B < 1, then

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B
;
A

x�1
; x�1;

A

Bx�1
; Bx�1; :::;

A

Bn�2x�1
; Bn�2x�1; :::)

i) If x0 < 0 < x�1, x1 = A
x0
and 1 < B, then

(xn) = (x�1; x0;
A

x0
;
x0
B
;
AB

x0
;
x0
B2
;
AB2

x0
; :::;

ABn�1

x0
;
x0
Bn
; :::)
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j) If x0 < 0 < x�1, x1 = A
x0
and 0 < B < 1, then

(xn) = (x�1; x0;
A

x0
; x0;

A

Bx0
; Bx0; :::;

A

Bn�1x0
; Bn�1x0; :::)

k) If x0 < 0 < x�1, x1 =
x�1
B , x0B < AB

x�1
and 1 < B, then

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B
;
A

x�1
; x�1;

A

Bx�1
; Bx�1; :::;

A

Bn�2x�1
; Bn�2x�1; :::)

l) If x0 < 0 < x�1, x1 =
x�1
B , AB

x�1
< x0

B and 1 < B; then

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
AB

x0
;
x0
B2
;
AB2

x0
; :::;

x0
Bn
;
ABn

x0
; :::)

m) If x0 < 0 < x�1, x1 =
x�1
B and 0 < B < 1; then

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B2

;
AB2

x�1
; :::;

x�1
Bn

;
ABn

x�1
; :::)

Proof. (a) Let 0 < x0; x�1, then 0 < xn for �1 � n and x1 = max
n
A
x0
; x�1B

o
=

x�1
B ; A

x0
< 0 < x�1

B , then x1 =
x�1
B and it follows x2 = max

n
AB
x�1

; x0B

o
=

x0
B ; x3 = max

n
AB
x0
; x�1B2

o
= x�1

B2 . Therefore x4 = max
n
AB2

x�1
; x0B2

o
= x0

B2 : By

induction we obtain that x2n = x0
Bn and x2n�1 =

x�1
Bn for 0 � n; that is,

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
x�1
B2

;
x0
B2
; :::;

x�1
Bn

;
x0
Bn
; :::)

(b), (c) Let x�1; x0 < 0; then x1 = max
n
A
x0
; x�1B

o
= A

x0
; x�1

B < 0 <
A
x0
: If 1 < B, then x1 = A

x0
; x2 = max

�
x0;

x0
B

	
= x0min

�
1; 1B

	
= x0

B ;

x3 = max
n
AB
x0
; A
Bx0

o
= A

x0
max

�
1; 1B

	
= AB

x0
and x4 = max

�
x0
B ;

x0
B2

	
=

x0
B min

�
1; 1B

	
= x0

B2 : By induction we get x2n = x0
Bn and x2n�1 = ABn�1

x0
for

1 � n; that is,

(xn) = (x�1; x0;
A

x0
;
x0
B
;
AB

x0
;
x0
B2
;
AB2

x0
; :::;

ABn�1

x0
;
x0
Bn
; :::)

If B � (0; 1), then x2 = max
�
x0;

x0
B

	
= x0min

�
B; 1B

	
=x0 and x3 =

max
n
A
x0
; A
Bx0

o
= A

x0
max

�
B; 1B

	
= A

Bx0
; 0 < A

Bx0
; x4 = max

�
Bx0;

x0
B

	
=

x0min
�
B; 1B

	
= Bx0; Bx0 < 0: By induction we get x2n = Bn�1x0 and

x2n�1 =
A

Bn�1x0
for 1 � n, that is,

(xn) = (x�1; x0;
A

x0
; x0;

A

Bx0
; Bx0; :::;

A

Bn�1x0
; Bn�1x0; :::)
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Also, it is easy to see that x2n < 0 < x2n�1 for 1 � n, in this case x�1; x0 < 0:

(d), (e) Let x�1 < 0 < x0 and x1 = A
x0
; A
x0
< 0. If 1 < B, thenx2 =

max
�
x0;

x0
B

	
= x0max

�
1; 1B

	
= x0; x3 = max

n
A
x0
; A
Bx0

o
= A

x0
min

�
1; 1B

	
=

A
Bx0

; A
Bx0

< 0 x4 = max
�
Bx0;

x0
B2

	
= x0max

�
1; 1B

	
= Bx0; 0 < Bx0: Hence by

induction we get x2n = Bn�1x0, 0 < Bn�1x0 and x2n�1 = A
Bn�1x0

; A
Bn�1x0

< 0;
for 1 � n; that is,

(xn) = (x�1; x0;
A

x0
; x0;

A

Bx0
; Bx0; :::;

A

Bn�1x0
; Bn�1x0; :::)

If B � (0; 1), then x1 = A
x0
; x2 = max

�
x0;

x0
B

	
= x0max

�
1; 1B

	
=x0
B ; 0 <

x0
B

and x3 = max
n
AB
x0
; A
Bx0

o
= A

x0
min

�
B; 1B

	
= AB

x0
; x4 = max

�
x0
B ;

x0
B2

	
=

x0
B max

�
1; 1B

	
= x0

B2 : By induction we get x2n = x0
Bn ; 0 <

x0
Bn and x2n�1 =

ABn�1

x0
, AB

n�1

x0
< 0 for 1 � n, that is

(xn) = (x�1; x0;
A

x0
;
x0
B
;
AB

x0
;
x0
B2
;
AB2

x0
; :::;

ABn�1

x0
;
x0
Bn
; :::)

(f), (g), (h) Let x�1 < 0 < x0 and x1 =
x�1
B ; then we have x2n�1 < 0 < x2n;

0 � n. If 1 < B, then
x2 = max

n
A
x1
; x0B

o
= max

n
AB
x�1

; x0B

o
= AB

x�1
; 0 < AB

x�1
; x3 = max

�x�1
B ; x�1B2

	
=

x�1
B min

�
1; 1B

	
= x�1

B2 ;
x�1
B2 < 0: Hence by induction we get x2n = ABn

x�1
and

x2n�1 =
x�1
Bn for 1 � n; that is

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B2

;
AB2

x�1
; :::;

x�1
Bn

;
ABn

x�1
; :::)

If B � (0; 1) and AB
x�1

< x0
B ; then x1 =

x�1
B ; x2 = max

n
AB
x�1

; x0B

o
= x0

B ;

0 < x0
B and it follows x3 = max

n
AB
x0
; x�1B2

o
= AB

x0
; x�1
B2 < x�1

B < AB
x0

and

x4 = max
�
x0
B ;

x0
B2

	
= x0

B max
�
1; 1B

	
= x0

B2 : By induction we get x2n = x0
Bn and

x2n�1 =
ABn�1

x0
for 2 � n, that is

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
AB

x0
;
x0
B2
;
AB2

x0
; :::;

ABn�1

x0
;
x0
Bn
; :::)

If B � (0; 1) and x0
B < AB

x�1
; then x1 =

x�1
B ; x2 = max

n
AB
x�1

; x0B

o
=

AB
x�1

and x3 = max
�x�1

B ; x�1B2

	
= x�1

B min
�
1; 1B

	
= x�1

B ; it follows x4 =
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max
n
AB
x�1

; A
x�1

o
= A

x�1
; x5 = max

�
x�1;

x�1
B2

	
= x�1; x6 = max

n
A
x�1

; A
Bx�1

o
=

A
Bx�1

: By induction we get x2n = A
Bn�2x�1

and x2n+1 = Bn�2x�1 for 1 � n,
that is

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B
;
A

x�1
; x�1;

A

Bx�1
; Bx�1; :::;

A

Bn�2x�1
; Bn�2x�1; :::)

(i), (j) Let x0 < 0 < x�1 and x1 = A
x0
; then x2n < 0 < x2n�1 for 0 � n: If

1 < B, then

x2 = max
�
x0;

x0
B

	
= x0min

�
1; 1B

	
= x0

B ; x3 = max
n
AB
x0
; A
Bx0

o
= AB

x0
;

x4 = max
�
x0
B ;

x0
B2

	
= x0

B2 :Hence by induction we get x2n = x0
Bn and x2n�1 =

ABn�1

x0
for 1 � n; that is

(xn) = (x�1; x0;
A

x0
;
x0
B
;
AB

x0
;
x0
B2
;
AB2

x0
; :::;

ABn�1

x0
;
x0
Bn
; :::)

IfB � (0; 1), then x1 = A
x0
; x2 = max

�
x0;

x0
B

	
= x0 and x3 = max

n
A
x0
; A
Bx0

o
=

A
Bx0

; x4 = max
�
Bx0;

x0
B

	
= Bx0: By induction we get x2n = Bn�1x0 and

x2n�1 =
A

Bn�1x0
for 1 � n, that is

(xn) = (x�1; x0;
A

x0
; x0;

A

Bx0
; Bx0; :::;

A

Bn�1x0
; Bn�1x0; :::)

(k), (l), (m) Let �rst x0 < 0 < x�1, x1 =
x�1
B and 1 < B, If x0

B < AB
x�1

,

then x2 = max
n
AB
x�1

; x0B

o
= AB

x�1
; and it follows x3 = max

�x�1
B ; x�1B2

	
= x�1

B ;

x4 = max
n
AB
x�1

; A
x�1

o
= A

x�1
min fB; 1g = A

x�1
: Hence by induction we get

x2n =
A

Bn�2x�1
and x2n+1 = Bn�2x�1 for 1 � n; that is

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B
;
A

x�1
; x�1;

A

Bx�1
; Bx�1; :::;

A

Bn�2x�1
; Bn�2x�1; :::)

If AB
x�1

< x0
B ; then x2 = max

n
AB
x�1

; x0B

o
= x0

B ;
x�1
B2 < x�1

B < AB
x0

and it

follows x3 = max
n
AB
x0
; x�1B2

o
= AB

x0
; x4 = max

�
x0
B ;

x0
B2

	
= x0

B min
�
1; 1B

	
= x0

B2 :

By induction we get x2n = x0
Bn and x2n+1 = ABn

x0
for 1 � n, that is

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
AB

x
;
x0
B2
;
AB2

x0
; :::;

x0
Bn
;
ABn

x0
; :::)
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Finally, Let x0 < 0 < x�1; x1 =
x�1
B and 0 < B < 1 then x2 = max

n
AB
x�1

; x0B

o
=

AB
x�1

and x3 = max
�x�1

B ; x�1B2

	
= x�1

B max
�
1; 1B

	
= x�1

B2 ; it follows x4 =

max
n
AB2

x�1
; A
x�1

o
= A

x�1
min

�
B2; 1

	
= AB2

x�1
: By induction we get x2n = ABn

x�1

and x2n�1 =
x�1
Bn for 1 � n, that is

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B2

;
AB2

x�1
; :::;

x�1
Bn

;
ABn

x�1
; :::)

Also, it is easy to see that x2n < 0 < x2n�1; 0 � n. The proof is completed.

2.3. Case III A;B < 0:In this section we consider the behaviour of the solutions
of (1) in the case A;B < 0.

Lemma 1 Consider the di¤erence equation

(3) yn+1 =

�
min

�
A; ynB

	
n � 0 (mod 3)

max
�
A; ynB

	
n 6= 0 (mod 3)

�
where y0 � (�1; 0): Then evey solution of (3) is eventually three periodic.

Morever, the following statements are true;
a) If B � (�1; 0), then ( for 3 � n),

yn =

�
A
B n � 1 (mod 3)
A n 6= 1 (mod 3)

�
b) If B � �1, then ( for 3 � n);

yn =

8<:
A n � 0 (mod 3)
A
B n � 1 (mod 3)
A
B2 n � 2 (mod 3)

9=;
Proof. (a) Let B � (�1; 0); then y1 = max

�
A; y0B

	
= y0

B ; A < 0 < y0
B : If

A < y0
B2 ; then y2 = max

�
A; y0B2

	
= y0

B2 and y3 = min
�
A; y0B3

	
= A: If y0

B2 < A,
then y2 = max

�
A; AB

	
= A and y3 = min

�
A; AB

	
= A: It is easy to see that

y3 = A (certainly) it follows y4 = max
�
A; AB

	
= A

B ; y5 = max
�
A; AB2

	
= A

min
�
1; 1

B2

	
= A and y6 = min

�
A; AB

	
= A = y3: Hence by induction we obtain

the each solution of (3) is eventually three periodic and that is

yn =

�
A
B n � 1 (mod 3)
A n 6= 1 (mod 3)

�
; for n � 3

(b) Let B � �1; then y1 = max
�
A; y0B

	
= y0

B : If
y0
B2 < A; then y2 =

max
�
A; y0B2

	
= A and y3 = min

�
A; AB

	
= Amax

�
1; 1B

	
= A: If A < y0

B2 ,
then y2 = max

�
A; y0B2

	
= y0

B2 and y3 = min
�
A; y0B3

	
= A: It is easy to see that

y3 = A (certainly) it follows y4 = max
�
A; AB

	
= A

B ; y5 = max
�
A; AB2

	
= A
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min
�
1; 1

B2

	
= A

B2 : By induction we obtain the each solution of (3) is eventually
three periodic and that is

yn =

8<:
A n � 0 (mod 3)
A
B n � 1 (mod 3)
A
B2 n � 2 (mod 3)

9=; ; for n � 3
Lemma 2 Consider the di¤erence equation

(4) yn+1 =

�
min

�
A; ynB

	
n � 1 (mod 3)

max
�
A; ynB

	
n 6= 1 (mod 3)

�
where y0 � R� f0g : Then every solution of (4) is eventually three periodic.

Morever, the following statements are true;
a) If B � �1, then

yn =

8<:
A n � 1 (mod 3)
A
B n � 2 (mod 3)
A
B2 n � 0 (mod 3)

9=; ; for 4 � n
b) If B � (�1; 0), then

yn =

�
A
B n � 2 (mod 3)
A n 6= 2 (mod 3)

�
; for 4 � n

Proof. (a) Let B � (�1;�1] and 0 < y0: If A < y0
B ; then y1 = min

�
A; y0B

	
=

A, y2 = max
�
A; AB

	
= A

B , y3 = max
�
A; AB2

	
= A

B2 and y4 = min
�
A; AB3

	
=

Amax
�
1; 1

B3

	
= A = y1: By induction we get

yn =

8<:
A n � 1 (mod 3)
A
B n � 2 (mod 3)
A
B2 n � 0 (mod 3)

9=; ; for 1 � n
Let y1 =

y0
B ; then y2 = max

�
A; y0B2

	
= y0

B2 : If y3 = max
�
A; y0B3

	
= y0

B3 ; then
y4 = min

�
A; y0B4

	
= A: If y3 = max

�
A; y0B3

	
= A; then y4 = min

�
A; AB

	
= A:

We have y4 = A: It follows y5 = max
�
A; AB

	
= A

B ; y6 = max
�
A; AB2

	
= A

B2

and y7 = min
�
A; AB3

	
= A = y4: Hence, by induction, we obtain

yn =

8<:
A n � 1 (mod 3)
A
B n � 2 (mod 3)
A
B2 n � 0 (mod 3)

9=; ; for 4 � n
Now, Let B � (�1;�1] and y0 < 0: Then y1 = min

�
A; y0B

	
= A, A < 0 <

y0
B and y2 = max

�
A; AB

	
= A

B , y3 = max
�
A; AB2

	
= Amin

�
1; 1

B2

	
= A

B2 and
y4 = min

�
A; AB3

	
= Amax

�
1; 1

B3

	
= A = y1: By induction, we get

yn =

8<:
A n � 1 (mod 3)
A
B n � 2 (mod 3)
A
B2 n � 0 (mod 3)

9=; ; for 1 � n
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(b) Let B � (�1; 0); 0 < y0 and y1 = A; then y2 = max
�
A; AB

	
= A

B ;

y3 = max
�
A; AB2

	
= A; y4 = min

�
A; AB

	
= A = y1: Hence by induction we see

that each solution of Eq.(4) is three periodic and

yn =

�
A
B n � 2 (mod 3)
A n 6= 2 (mod 3)

�
; for 1 � n

Let y1 =
y0
B ;

y0
B < A; then y2 = max

�
A; y0B2

	
= y0

B2 : If A <
y0
B3 or

y0
B3 < A;

then by induction we have y4 = A. It follows y5 = max
�
A; AB

	
= A

B ; y6 =

max
�
A; AB2

	
= A and y7 = min

�
A; AB

	
= A = y4: By induction we obtain

yn =

�
A
B n � 2 (mod 3)
A n 6= 2 (mod 3)

�
; for 4 � n

Thus it is eventually three periodic.
Finally, Let y0 < 0: then y1 = min

�
A; y0B

	
= A and it follows y2 =

max
�
A; AB

	
= A

B , y3 = max
�
A; AB2

	
= A and y4 = min

�
A; AB

	
= A = y1: By

induction, we get

yn =

�
A
B n � 2 (mod 3)
A n 6= 2 (mod 3)

�
; for 1 � n

Thus, the proof is completed.

Lemma 3 Consider the di¤erence equation

(5) wn+1 =

�
min

�
A; wnB

	
n � 2 (mod 3)

max
�
A; wnB

	
n 6= 2 (mod 3)

�
Then every solution of (5) is eventually three periodic. Morever the following

statements are true for w0 > 0;
(a) If B � (�1;�1] , then

wn =

8<:
A
B n � 0 (mod 3)
A
B2 n � 1 (mod 3)
A n � 2 (mod 3)

9=; ; for 2 � n
(b) If B � (�1; 0), then

wn =

�
A
B n � 0 (mod 3)
A n 6= 0 (mod 3)

�
; for 2 � n

Proof. (a) Let B � (�1;�1] and 0 < w0: If w1 = A or w1 = w0
B ;then,

certainly, w2 = min
�
A; AB

	
= min

�
A; y0B2

	
= A, w3 = max

�
A; AB

	
= A

B and
w4 = max

�
A; AB2

	
= A

B2 : By induction we get

wn =

8<:
A
B n � 0 (mod 3)
A
B2 n � 1 (mod 3)
A n � 2 (mod 3)

9=; ; for 2 � n
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It is eventually three periodic.

(b) Let B � (�1; 0); then w1 = max
�
A; y0B

	
= A or w1 = max

�
A; y0B

	
= y0

B ;

But certainly w2 = min
�
A; AB

	
= min

�
A; y0B2

	
= A: Then w3 = max

�
A; AB

	
=

A
B and w4 = max

�
A; AB2

	
= A and w5 = min

�
A; AB

	
= A = w2: Hence by

induction we obtain

wn =

�
A
B n � 0 (mod 3)
A n 6= 0 (mod 3)

�
; for 2 � n

Also, It is easy to see that it is eventually three periodic. The proof is
completed.

Theorem 3. Consider (1). If A;B < 0; then every solution of (1) is eventually
six periodic.

Proof. (a) Let 0 < x0; x�1; then we have 0 < x3n and x3n+1 < 0 < x3n+2 for
0 � n:
We can multiply (1) by xn and use the equality wn = xnxn�1 to obtain

(5). Since all conditions of Lemma 3 are satis�ed, we see that in this case the
sequence wn is eventually three periodic. It means that each solution (xn) of
(1) is eventually six periodic in this case.

(b) Let x0 < 0 and x�1�R � f0g ; then we easily write x3n < 0 < x3n+1;
x3n+2 for 0 � n:
We can multiply (1) by xn and use the substitution yn = xnxn�1; to obtain

(4). Since all conditions of Lemma 2 are satis�ed we see that in this case the
sequence yn is eventually three periodic. We can say that each solution (xn) of
(1) is eventually six periodic.

(c) Finally, let x�1 < 0 < x0; then we have 0 < x3n and x3n+2 < 0 < x3n+1
for 0 � n:
We can multiply (1) by xn and use yn = xnxn�1: Therefore we obtain (3).

Since Lemma 1 is satis�ed, in this case, evey solution ( yn) of (3) is eventually
three periodic. It means that each solution (xn) of (1) is eventually six periodic.
The proof is completed.

2.4. Case IV 0 < A;B: In this section we consider the behaviour of the solutions
of (1) in the case 0 < A;B. Prior to investigating the behaviour of the solutions
of (1), we prove two auxiliary results.
Firstly, let 0 < x�1; x0, then 0 < xn for �1 � n; which is each solution of

(1). We can multiply (1) by xn use the change yn = xnxn�1: We obtain the
equation

(6) yn+1 = max
n
A;
yn
B

o
; 0 � n
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where 0 < A;B and 0 < y0:
Secondly, let x�1; x0 < 0, then xn < 0 for �1 � n; which is each solution of

(1). We can multiply (1) by xn and use the equality yn = xnxn�1: We obtain
the equation

(7) yn+1 = min
n
A;
yn
B

o
; 0 � n

where 0 < A;B and 0 < y0:

Lemma 4 Consider (6). Then the following statements are true;
(a) Let 1 � B; then each solution yn of (6) is eventually constant.
(b) Let B � (0; 1); then each solution yn of (6) is eventually satis�es the

di¤erence equation yn+1 =
yn
B :

Proof. (a) Let, 1 < B: If y0 � (0; AB]; then y1 = A: Since
y0
B � A; it follows

y1
B < A which implies y2 = A. By induction we have yn = A for 1 � n:
If AB < y0; then y1 =

y0
B : If

y0
B2 � 1; then y2 = A and consequently yn = A

for 2 � n: In contrary y2 = A2y0: Since 1 < B, we have Bn ! 1 as n ! 1:
Hence, there is a number n0�N such that y0

Bn0
� A and A < y0

Bn0�1 : It is easy
to see that yn = A for n0 � n; as desired.
If B = 1; then y0 � (0; A]; we have y1 = A and consequently yn = A for

1 � n:
If A < y0; then y1 = y0; 1 < y0 and by induction yn = y0 for 0 � n; that

want to prove.

(b) If y0 � (0; AB]; then y1 = A: Further, y2 = max
�
A; y1B

	
= y1

B ; A <
y1
B = A

B : By induction we obtain yn � yn+1 for 1 � n which implies yn+1 =
yn
B

for 1 � n:
If AB < y0; then y1 =

y0
B ; A <

y0
B : From, this it follow, that yn+1 =

yn
B for

0 � n: The proof is completed.
The following lemma can be considered as a dual result of Lemma 4.

Lemma 5 Consider (7) Then the following statements are true;
(a) Let 1 < B; then each solution yn of (7) is eventually satis�es the di¤er-

ence equation yn+1 =
yn
B :

(b) Let B � (0; 1]; then each solution yn of (7) is eventually constant.

Proof. (a) If AB < y0; then y1 = A and y2 = min
�
A; y1B

	
= y1

B = A
B ;

A
B < A:

Hence, by induction, we get yn+1 =
yn
B for 1 � n:

If y0 � (0; AB]; then y1 =
y0
B ;

y0
B � A and y2 = min

�
A; y1B

	
= y1

B = y0
B2 :

Thus by induction yn+1 =
yn
B for 0 � n:

(b) Let B � (0; 1). If AB < y0; then it follows y1 = A and y2 = min
�
A; AB

	
=

A < A
B : It is easy to see that yn = A for 1 � n:
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If y0 < AB; then y1 =
y0
B and If AB2 � y0 then y2 = A: Hence we get

yn = A for 2 � n: If y0 < AB2; then Since B � (0; 1), Bn ! 1 as n ! 1:
Hence, There is an m0�N such that ABm0 � y0 and y0 < ABm0�1: For such
chosen m0 we have ym0

= A;which implies yn = A for m0 � n:
Finally, Let B = 1 and If A � y0; then y1 = A and y2 = min fA; y1g = A =

y1: Hence we get yn = A for 1 � n: If y0 � (0; A); then y1 = y0; y0 < A and
y2 = min fA; y1g = y1 = y0: Hence we obtain that yn = y0 for 0 � n. The proof
is completed.

Theorem 4 Consider (1), with 0 < A;B.
a) If 0 < x0; x�1, x1 = A

x0
and 1 � B; then

(xn) = (x�1; x0;
A

x0
; x0;

A

x0
; :::)

b) If 0 < x0; x�1; x1 = A
x0
and 0 < B < 1, then

(xn) = (x�1; x0;
A

x0
;
x0
B
;
A

Bx0
;
x0
B2
; :::;

A

Bn�1x0
;
x0
Bn
; :::)

c) If 0 < x0; x�1; x1 =
x�1
B and 1 � B; then (xn) is eventually two periodic.

d) If 0 < x0; x�1; x1 =
x�1
B and 0 < B < 1; then

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
x�1
B2

;
x0
B2
; :::;

x�1
Bn

;
x0
Bn
; :::)

e) If x�1; x0 < 0, x1 = A
x0
and 1 < B, then

(xn) = (x�1; x0;
A

x0
;
x0
B
;
A

Bx0
;
x0
B2
; :::;

A

Bn�1x0
;
x0
Bn
; :::)

f) If x�1; x0 < 0, x1 = A
x0
and 0 < B � 1, then

(xn) = (x�1; x0;
A

x0
; x0;

A

x0
; :::)

g) If x�1; x0 < 0, x1 =
x�1
B and 1 < B; then

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
x�1
B2

;
x0
B2
; :::;

x�1
Bn

;
x0
Bn
; :::)

h) If x�1; x0 < 0, x1 =
x�1
B and 0 < B � 1; then (xn) is eventually two

periodic.
i) If x�1 < 0 < x0 and 1 � B, then

(xn) = (x�1; x0;
A

x0
; x0;

A

x0
; :::)

j) If x�1 < 0 < x0 and 0 < B < 1, then

(xn) = (x�1; x0;
A

x0
;
x0
B
;
A

Bx0
;
x0
B2
; :::;

A

Bn�1x0
;
x0
Bn
; :::)
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k) If x0 < 0 < x�1 and 1 � B; then

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B
;
AB

x�1
; :::)

l) If x0 < 0 < x�1 and 0 < B < 1; then

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B2

;
A

x�1
;
x�1
B3

;
A

Bx�1
; :::;

x�1
Bn

;
A

Bn�2x�1
; :::)

Proof. (a), (b) Let 0 < x�1; x0 and x1 = A
x0
: If 1 � B, then x2 = max

�
x0;

x0
B

	
=

x0max
�
1; 1B

	
= x0; 0 < x0 and x3 = max

n
A
x0
; A
Bx0

o
= A

x0
max

�
1; 1B

	
= A

x0
:

By induction, we obtain x2n = max
�
x0;

x0
B

	
= x0 and x2n�1 = max

n
A
x0
; A
Bx0

o
=

A
x0
for 1 � n; that is,

(xn) = (x�1; x0;
A

x0
; x0;

A

x0
; :::)

If 0 < B < 1 and x1 = A
x0
; then x2 = max

�
x0;

x0
B

	
= x0

B ; 0 <
x0
B ; x3 =

max
n
AB
x0
; A
Bx0

o
= A

x0
max

�
B; 1B

	
= AB

x0
and x4 = max

�
x0
B ;

x0
B2

	
= x0

B2 : By

induction we get x2n = x0
Bn and x2n�1 = A

Bn�1x0
for 1 � n; that is,

(xn) = (x�1; x0;
A

x0
;
x0
B
;
A

Bx0
;
x0
B2
; :::;

A

Bn�1x0
;
x0
Bn
; :::)

(c), (d) Let 0 < x�1; x0; then x1 =
x�1
B : The case when A

x0
< x�1

B and
1 � B is more complicated. Because 0 < xn for �1 � n, we can multiply
(1) by (xn) and use the substitution yn = xnxn�1, we obtain (6). Since all
conditions of Lemma 4 are satis�ed we see that the sequence (yn) is eventually
constant. It means that each solution (xn) of (1), in the case, is eventually two
periodic. If 0 < B < 1 and x1 =

x�1
B , then AB

x�1
< x0, AB

x�1
< x0 <

x0
B and

AB
x0
< x�1

B < x�1
B2 : Hence x2 = max

n
AB
x�1

; x0B

o
= x0

B ; and x3 = max
n
AB
x0
; x�1B2

o
= x�1

B2 : By induction, we get x2n = x0
Bn and x2n�1 =

x�1
Bn for 1 � n; that is,

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
x�1
B2

;
x0
B2
; :::;

x�1
Bn

;
x0
Bn
; :::)

(e), (f) Let x�1; x0 < 0, then xn < 0 for �1 � n: If 1 < B and x1 = A
x0
;

then x2 = max
�
x0;

x0
B

	
= x0min

�
1; 1B

	
= x0

B and x3 = max
n
AB
x0
; A
Bx0

o
=
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A
x0
min

�
B; 1B

	
= A

Bx0
and x4 = max

�
Bx0;

x0
B2

	
= x0min

�
B; 1

B2

	
= x0

B2 ;
x0
B2 <

0 : By induction, we get x2n = x0
Bn and x2n�1 = A

Bn�1x0
for 1 � n; that is,

(xn) = (x�1; x0;
A

x0
;
x0
B
;
A

Bx0
;
x0
B2
; :::;

A

Bn�1x0
;
x0
Bn
; :::)

If 0 < B � 1 and x1 = A
x0
; then x2 = max

�
x0;

x0
B

	
= x0;

x0
B < x0 and

x3 = max
n
A
x0
; A
Bx0

o
= A

x0
min

�
1; 1B

	
= A

x0
; Using induction we get xn+1 = A

xn

for 1 � n: That is
(xn) = (x�1; x0;

A

x0
; x0;

A

x0
; :::)

(g), (h) Let x�1; x0 < 0; then xn < 0 for �1 � n: If 1 < B and x1 =
x�1
B ;

then x2 = max
n
AB
x�1

; x0B

o
= x0

B and x3 = max
n
AB
x0
; x�1B2

o
= x�1

B2 : By induction

we get x2n = x0
Bn and x2n�1 =

x�1
Bn for 1 � n; that is

(xn) = (x�1; x0;
x�1
B
;
x0
B
;
x�1
B2

;
x0
B2
; :::;

x�1
Bn

;
x0
Bn
; :::)

If x�1; x0 < 0; x1 =
x�1
B and 0 < B � 1; then since xn < 0 for �1 � n, we

can multiply (1) by (xn) and use the change yn = xnxn�1, we obtain that the
sequence (yn) satis�es (7) and 0 < yn for 0 � n: Since 0 < B < 1 by Lemma 2
we obtain that (yn) is eventually constant. which implies that (xn) is eventually
two periodic.

(i), (j) Let x�1 < 0 < x0; then x1 = max
n
A
x0
; x�1B

o
= A

x0
; x�1B < 0 < A

x0
.If

1 � B; then x2 = max
�
x0;

x0
B

	
= x0max

�
1; 1B

	
= x0 and x3 = max

n
A
x0
; A
Bx0

o
=

A
x0
max

�
1; 1B

	
= A

x0
= x1: Hence, by induction,we write 0 < xn and xn+1 = A

xn
for 0 � n:That is

(xn) = (x�1; x0;
A

x0
; x0;

A

x0
; :::)

If 0 < B < 1; then x1 = A
x0
and x2 = max

�
x0;

x0
B

	
= x0

B and x3 =

max
n
AB
x0
; A
Bx0

o
= A

x0
max

�
B; 1B

	
= A

Bx0
and x4 = max

�
Bx0;

x0
B2

	
= x0

B2 :

Hence, by induction, we get x2n = x0
Bn and x2n�1 = A

Bn�1x0
for 1 � n; that is,

(xn) = (x�1; x0;
A

x0
;
x0
B
;
A

Bx0
;
x0
B2
; :::;

A

Bn�1x0
;
x0
Bn
; :::)

(k), (l) Let x0 < 0 < x�1; then 0 < xn for 1 � n: Also x1 = max
n
A
x0
; x�1B

o
=

x�1
B ; A

x0
< 0 < x�1

B and x2 = max
n
AB
x�1

; x0B

o
= AB

x�1
; x0B < 0 < AB

x�1
:
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If 1 � B; then x3 = max
n
A
x2
; x1B

o
= max

�x�1
B ; x�1B2

	
= x�1

B max
�
1; 1B

	
=

x�1
B = x1 and x4 = max

n
AB
x�1

; x0B2

o
= AB

x�1
: Hence, by induction, we get x2n =

AB
x�1

and x2n�1 =
x�1
B for 1 � n; that is,

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B
;
AB

x�1
; :::)

If 0 < B < 1; then x1 =
x�1
B and x2 = AB

x�1
and x3 = max

�x�1
B ; x�1B2

	
=

x�1
B max

�
1; 1B

	
= x�1

B2 and x4 = max
n
AB2

x�1
; A
x�1

o
= A

x�1
max

�
B2; 1

	
= A

x�1
:

Hence, by induction, we get x2n = A
Bn�2x�1

and x2n�1 =
x�1
Bn for 1 � n; that is,

(xn) = (x�1; x0;
x�1
B
;
AB

x�1
;
x�1
B2

;
A

x�1
;
x�1
B3

;
A

Bx�1
; :::;

x�1
Bn

;
A

Bn�2x�1
; :::)
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