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Summary. In this paper we study the behaviour of the solutions of the follow-
ing difference equation
A Tp—1
x = max ¢ —
s z, B

where A, B and the initial conditions x_jand xy are nonzero real numbers. In
most of the cases we determine the behaviour of the solutions as a function of
the parameters A, B and the initial conditions x_; and zg.
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1. Introduction

In this paper we study the behaviour of the solutions of the following differ-
ence equation

A x,_
(1) Tn+1 :max{xn’ nBl}

where A, B and the initial conditions z_jand xg are nonzero real numbers.
Some closely related equations were investigated, in [1,2,3,4,5]. For example,
the investigation of the difference equation

Ay A A
(2) mn+1:max{0 Lo i }, n=20,1,..
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Tp Tnp-1 Tn—k
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where A;, i = 0,1, ..., k, are real numbers, such that at least one of the A; and
the initial conditions zg,z_1,...., x_, are different from zero, was proposed in
[3] and [4].

A special case of the max operator in (2) arises naturally in certain models
in automatic control theory (see, [6,7]).

For some other recent studies concerning, the periodic nature of scalar non-
linear difference equations see, for example, [8,9,10].

2. Main Results

2.1. Case I B < 0 < A.In this section we consider the behaviour of the solutions
of (1) in the case B < 0 < A. The following theorem completely desciribes the
behaviour of the solutions of (1) in this case.

Theorem 1 Consider (1),with B <0 < A,
a) If 0 < xg,x_1, then

(Cﬁ'n) = (55'71,.’1,‘07 —, L0, —, )
o

b) If zo,2_1 <0 and 3 < £2, then

(Tn) = (v—1,m0, —, —— — )

c) If g, x—1 <0 and > < =, then

AB AB
(.In) (Jf 17$07x ! @ 7"7:7077’.“)

d)If x_1 <0<z and x1 = ;io, then

e) If x_1 <0<z and x1 = “F*, then

(zn) = (z_1, z1 AB z, AB )
n —1,40, B ’.’E717 B ,1'71’.“
f)If vo <0< x_1 and x1:%,3<71, then

A o AB X9 AB

(mn) (I 173307* "B ?0 B’ o 7)
g) If 1o <0< xz_1 and z1 = ——1<B<O then
A To A A
n ) ) 7778 PN
(33 ) (l‘ 1, %0 B BiC(] o BLE() o )
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h) If vog <0<z_4 andwlz%,m—f<m—‘;, then

r_1 o AB x9 AB
(2n) = (€_1,T0, —r, =, ==, 22 =2 )

Proof. (a)Let0 < zg,z_1, then 0 < ,, for —1 < mand z; = max{%, z‘%} =

A A

—. Then, z; = —, Z5+ <0< x—‘?) and zp = max{zo,%g} = zo. Hence by
i) Zo

induction we get x,41 = %, 0 < n, that is,

A A
(Cﬁ'n) = (1'71,.1‘07 ;0; o, ;0, )

(b), (c) Let zg,x_1 < 0, then 0 < z,, for 1 <n and z; = max{a%, mél} =

T_1 xo AB _ T _ AB zo | _ AB
- If 2 < r— then z; = —5+ and = —max{mil, B} == It follows

_ r—1 T-1 __ T_1 xr—1 r—1 _
T3 —max{—B o } =75, g <0< 5 and x4 —max{

By induction we obtain that xa, = f—_Bl and T2, 1 = 5

AB AB?\| _ AB
I717 Tr—1 - 171.

1ABJL‘1AB

T,) = (x_1,x ,— s
( n) ( 1 0 B B T 1 )
If < 3, thenzy = max{%, §°} = 2. It follows 23 = max{‘if, = } =
’i—f and T4 = max {f, B—%} = 4%. By induction we get xa, = 7% and xo,41 =

‘;—f for 1 < n, that is,

r_1 xz9 AB z9 AB
(xn) (.’ﬂ 1,20y —0»~ L= 70,7 )

(d), (e) Let z_; < 0 < xg, then 0 < z,, for 0 < n. If z; = & or Z=L < A

zo B To
then xzo = max{mo,%‘)} = 20, F <0 < @ and z3 = max{%,B’iO} =
7, max {1 } = 2. Hence by induction it is easy to see that (1) implies the

dlfference equatlon Tpt1 = ;‘ for 0 < m, in this case, we write

A A

(xn) - (x—lyx(]a ;07‘,1:07 ;0,$0, )
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If 1 = , then o = max{i,%} = max A—,%} = AfBl. It follows

Tr—1 r_1 T
_ AB A | _ A . _
xS—max{B,Bz} ——xl and 74 = max ¢ =, ;5= ——mm{B 1} =
3f—Bi.Thus by induction we have xo, = f—l and To,_1 = ? for 1 < n, that is,

l‘lABI’lAB

($n) = (:C—lyx()a B T 1 B !'Efl’

(f), (g) Let zp <0 < z_1 and z1 = % < 0. Then, x5 = max {zg, 2} = %2

0<%and0<xn,2<n.IfB<—1andx1:A then zo = 7 and

AB A | _ A _AB _
T3 = max{ el B%} = 2, min {B, B} — - By induction we get x2, = 3

and xop41 = z—f for 1 <n, that is,

A i) AB ) AB

(%L) (x 175007* E 70 E o ,)

IfBe(—lO) then z; = & xgz%andxg,:max{AB A}z

xo’ xo ’ Bxg

—mln {B, B} BIO and x4 = max{Bmo, %} = xgmin {B,%} = Bxg. By

mductlon we get To, = Bxg and To,_1 = Bi:m for 2 < n, that is,

A.’ﬂo A

A
n) = -1, aiaiaiaB ,773 PER
('13 ) (117 1,0 i) B BZCO o B.T,’O %o )

(h), (i) Let 29 < 0 < z_; and 21 = 5+, Hence we get 0 < z,, for 2 < n and

AB zo | _ zo Zo
To = max{ 7173} =, 0 < 8.

If B < % and ; = “Z+.Then, 23 = %% and xgzmax{m—f,%}:%.
_ AB%? xz9 | _ AB? AB? _ T4 T_1\ _ T_1
It followszc47max{z 1,ﬁ}7 N R zcg,fmax{B2 N R
2
—5 < 0 < =#. By induction we get x3, = ‘;‘% and xo,_1 = $B;21 for 2 < n,
that is,
_ 1‘1$0£E1ABQZ‘1AB2
(erb) - ('r—17$07 B aEa 32 ) T ) B2 ) T ’ )
T_1 AB . xT—1 _ oz AB z-1 _
If 5 < e and z; = —5 .Then, x3 = 3, z3 = max{JE ,?} =
AB — _ Zo _ AB A [ _
xO.It follows m4fmax{B,BQ} o zo and xy 7max{x0,x0} =
A min {B,1} = AB _ 2. Hence by induction we obtain that zs, = %2 and
To o) B

Top—1 = ‘i—f for 2 < n, that is

r_1 g AB z9 AB
(#n) = (X1, 20, —m, o, ==, 22, =2 L)



2.2. Case I A < 0 < B. In this section we consider the behaviour of the
solutions of (1) in the case A < 0 < B. The following theorem completely
describes the behaviour of the solutions of (1) in this case.

Theorem 2 Consider (1),with A <0< B.
a) If 0 < xo,z_1, then
() = (2_1, 20, =2, 20, T2 0 T-1 T0 -y
n - 71) 07 B ) B’ B2 7B2""’ Bn ) Bn""
b) If xg,x—1 <0 and 1 < B, then

A x9 AB xg AB? AB"1 )

(.’13»”) = (x—lyx()a;agv?oaﬁv 70 PERRS) 7o 7ﬁa"')

e) If xg,x_1 <0 and 0 < B <1, then

A n—1
(xn) = (.’271,1'0, ;07‘%'(% BJ?(),B:EO’ ooy B”—lxo’ Zo, )
d) If x_1 <0< g, 3312% and 1 < B, then
A A A
) = (2_1. 70, = 20, ——  Bag. ... ——— B g ..
(.’IJ ) (SU 1,20, LU()?:EO’ BI’()’ Zo, ’B”flxo’ Zo, )

e)Ifx,1<0<xo,m1:%and0<B<1, then

A x9 AB xg AB? AB"—1 Xo

(xn) = (1’717‘%07;07?7?07?, o ’”.77’@7”.)

P If ©21 <0<z, 21 =5 and 1 < B, then

Tr—1 AB T—1 AB2 Tr—1 AB™

(xn) = (3371,370’ ?7 7_1, §7 7—1’ ) ﬁ7 T_1

)

g)[fx_1<0<xo,x1:%,ﬁ—ﬁ<%and0<3<l,then

( ) ( r_1 x9 AB x0 AB? AB"1 )
Tn) = \T-1,00, 5 5 " r poor L T I
LR TET B Ty P B2 g o B"

)

h)If 14 <0 <o, z1 =5, % <28 and 0 < B <1, then

Tr_1 AB T_1 A A A 9
n) = -1 YTy 0 . v T 0 7777-8 77"'777-3” -1
((E ) (ZE 10 B Tr_1 B Tr_1 T BZE_l T Bn—2x_1 T
i)]f$0<0<x,1,x1:m—‘i and 1 < B, then
( ) ( A z9 AB xg AB? AB"1 ny) )
Tn) =\T-1,20, —s 55 " s o) . 1 T et
P2y B my ' B 1 xg  B"

)



j)Ifx0<0<ac,1,a:1:m—‘i and 0 < B < 1, then

A A

n—1
on,B.IJQ,..., B”flmo,B {Eo,...)

(mn) = ('1:—17'1:07 ;07'1‘0’

T

k)]fx0<0<m,1,x1:7,%<f—iand1<3, then

Tr_1 AB Tr_1 A A A —92
n) = -1 ’ 7a77 *7773 *7"'777Bn —1y---
(@n) = (@-1.20. 757 270 75 R T T o
Z)If$0<0<x,1,x1:%,r_31<%0and1<B,then

() = ( x_1 9y AB z9 AB? g AB"
€T = \Tr_ X T T A e Ty eeey T .
" DY TR B 1y " B2 my U B mg

)

z_,

m) If xo0 <0<2z_1, x1= "5 and 0 < B <1, then

xlABaclAB Tr_1 AB"™
B Tr_1 B2’£L'1 “’Bn7$,1,

(n) = (®_1, 20, —-

T _

.

Proof. (a)Let0 < zg,z_ 17then0<xnf0r—1<nandm1—max{A

o’

j

. By

sy

Tr_1 A T _ Tr_1

& = <0< =5, then z; = =5+ and it follows z; = max{A—B Zo

) x0

T _ AB z_1 _ T AB? 2z _
B, T3 = max{ﬁ7?} = 5= Therefore x4 = max{ = 7302} =

induction we obtain that xo, = for 0 < n, that is,

._‘

%\é* o:\

X
29 and a1 = 5
r_1 o -1 X r—_1 X0

BB BB B B

(b), (c) Let z_1,29 < 0, then z; = max{fi,mBl} = %, <0<

%. If 1 < B, then z; = ;io, Ty = max{xo,F} = xomin{l i} = 2,
T3 = max{‘i—f,B‘iO} = —max{l } K and x4 = max{B ;%} =
= mln{l, B} = £%. By induction we get z2, = 5% and x2, 1 = A]i:) L for
1 < n, that is,
. A zg AB =z AB? ABn1 ny)
(Jﬁn) = (x_l’xo’;o’E’Tg’?’?o’m’xio’ﬁ’m)

If B e (0,1), then 29 = max{:co,%} = xomin{B,%} =z¢ and z3 =
max{%,B‘io} = %maX{B,%} Bwo 0 < Biwo, Ty = maX{Bmo, 2=
Zo min{B, ]13} Bz, Bzy < 0. By induction we get x5, = B" 'zy and
Top— 1—Wf0rl<n that is,

A A n—1
(xn) = (‘r—lvav;O)anBiwoyBxOv ’BTICL'[),B .130,.-.)



Also, it is easy to see that o, < 0 < z9,_1 for 1 < n, in this case x_1,zg < 0.

(d), (e) Let z_y < 0 < xp and 2, = 2, ;io < 0. If 1 < B, thenzy =

Zo

ol _ 11 _ — A AL _ A 11 _
max{xo, B} = momax{l,B} = X9, T3 = max{wo, Bwo} = 20 mm{l, B} =
B‘io, By < 0Oxyg = max{Bwo, BQ} = Tomax {1 } = Bz, 0 < Bxg. Hence by
induction we get x9, = B" 'z, 0 < B lzy and 29,1 = ﬁ7 ﬁ <0,
for 1 < n, that is,

A

BLL‘(), ceey 73”711707

_Bn_l.’L'()7 )

A
(Z’n) = (1'71,5[,'07 ?07:30’ BQS'O’

If Be(0,1), then z; = %, Ty = max{zo, %‘)} = xomax{l, % =72,0< 3

B
AB A A -
and 3 :max{mo,BIO} = ;. min B,B} = ?, :max{f,%} =
= maix{l, B} = . By induction we get x2, = 5%, 0 < % and x2,_1 =
ABZO ) AB <0f0r1<n that is
A zg AB xz9 AB? AB"1 ol
(fl:n):(ft_l,l’o,f 5T s o sy Ty o )

:IZ()’Bv.’IJ()’.B27 Xo Xo B’

(f), (g), (h) Let z_1 < 0 < g and 1 = %, then we have z9,_1 < 0 < Za,,

0<n.If1< B, then

A g AB =z AB AB T_1
argzmax{—ml,%’} max{ml,BO}:II 0< mg—max{ 732}_
T_1 . 1 w1 x_q __ AB™
=5 min {1, E} = 5z, Bz < 0. Hence by 1nduct10n we get xo, = and

B
Ton—1 = G for 1 <n, that is

$1AB$1AB2 EAB”

)

(xn) (1‘ 1,0,

Bvi B2’1’17'."Bn7$717.
If Be(0,1) and f—_’f < %0 then z; = Ty = max{z—f,%} = 2,
0 < % and it follows z3 = max{ e } IO, < H < éf and
Ty = max{ B BQ} = 2% max {1 = B—%. By induction we get x2, = 5% and
Top—1 = Aio for 2 S n, that is
_ 1 9 AB =z AB? ABn—1 xo
(zn) = (33717900773 a§770v ?770,-~-, T?ﬁ?"‘)

If B € (071) and % < f%, then ry = 57 To = max{AiB @} —

B 1271’ B
AB o T_1 XT_1 _ 1 o : _
- and x3 = max{ 5 BZ} = B mln{ B} = -5, it follows x4 =

61



AB A _ A _ _ A A _
H’la}({m_l,m_l}—m 1,1’5—H’1&X{1’ 1, 32}—x,l,mg—max{m_l,Bz_l}—

A . : _ A _ -2
e T By induction we get xo, = Tt and zop41 = B" “x_q for 1 < n,
that is
r_1 AB z_; A A A 2
(xn):(m_l"r(hfy1'71’?’7717x_173$7178$_1’ ’Bn72$ 17B T—1,

(i), (j) Let zop < 0 < z_; and z; = %, then x5, < 0 < x9,_1 for 0 < n. If

1 < B, then
_ _ AB _A _ AB
mg—max{xm }—xomm{l,B} B,xj—max{xO,Bmg} T
x4 = max {%2, 29} = £9 Hence by induction we get 2, = %% and z9,_1 =

AB"L for ] < n, that is
zo

() = ( A xy AB xy AB? AB™ 1 g )
Tn) = X-1,00, 7 5 " r s . o T PR
10 i) B2 Zo Zo B»

IfBe (07 1)7 then zy = ?Aoa T2 = max {.’L‘(), %3} = xo and 3 = max {%7 Bizg} =
%%v Ty = maX{on,%“} = Buxy. By induction we get zs, = B" 'zy and
Ton— 1—Wf0rl<n that is

A
(-rn) = (-r—lv-xOv ;07:507 Bixov

(k), (1), (m) Let first zp < 0 < z_1, ; = “5* and 1 < B, If 3¢ < AB

then o = maX{AB “"—é’} = AB and it follows x5 = max{ T B2 } = &=t

xr_1’ xr_1’

Ty = max{ﬁ A }

rx_1' x_1

= ;- min{B,1} = . Hence by induction we get

Top = ﬁ and To,41 = B” 2¢_4 for 1 S n, that is

Tr_1 AB z_ 1 A A B A anQ
(’Z‘n) (.Z‘ 1,20, — B T 15 B 1 T_1, 5 Bz L1,y Bn72$,17 L1y eee
AB AB wo | _ w0 -1 - 21 - AB -
If — 7, then zy = max{m = B} =% 7 <7 <5 and it
_ AB z_1 | _ AB To 1\ — To 1} 11 _ zo
follows 3 —max{ o B } =40, % —max{ B’B2} =3 mln{l, 51= 5
By induction we get x2, = £% and w2,41 = % for 1 < n, that is

r—_1 X AB ) A32 Zo AB™

(l’n):(l'717$07 B E 7 ?7707“.75770’.“)
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Finally, Let 2o <0 < z_q, 21 = ﬁand0<B< 1thenx2:max{fj,%} =

;4% and 3 = max {5, 5} = max{l +} = 5, it follows z4 =
max{‘;‘fo, Tfi‘l} = —mm {B2 1} = ££- By induction we get xo, = éiﬂ

and 22,1 = F for 1 < n, that is

r_1 AB Xr_q AB2 r_1 AB"
B x_y B2 x_y U B" x_y’

)

(xn) (1‘ 1,20, =~
Also, it is easy to see that x9, < 0 < x2,_1, 0 < n. The proof is completed.

2.8. Case III A, B < 0.In this section we consider the behaviour of the solutions
of (1) in the case A, B < 0.

Lemma 1 Consider the difference equation

_f min{A,¥ n =0 (mod 3)
(3) Ynt1 = { max{{A ””}} n # 0 (mod 3) }

where yo € (—00,0). Then evey solution of (3) is eventually three periodic.

Morever, the following statements are true;
a) If B e (—1,0), then ( for 3 <mn),

b) If B < —1, then ( for 3 <mn),

A n=0 (mod3)

Y = % n =1 (mod3)

%z n =2 (mod3)
Proof. (a) Let B e (—1,0), then y; = max{A, %} =% A <0< % If
A<BQ,theny2=maX{A,}§% :%andyg—mln{A,g‘;}:A. If %<A,

then y; = max { A, B} = A and y3 = min {4, B} = A. It is easy to see that
ys = A (certamly) it follows y4 = max {A, B} B, ys = max {4, BQ} =
min {1, B2 } A and yg = min {A, = } A = y3. Hence by induction we obtam
the each solution of (3) is eventually three periodic and that is

o % n=1 f <3
Yn=1 4 n#1 (mod3) [’ o=

(b) Let B < —1, then y; = max{A, %} = 2 If % < A, then y, =
maX{A,BQ}—Aandygzmin{A,%}—Amax{ %}—A If A< 4,
then yo = max {A, &5} = 2% and y3 = min {A, 33} A. Tt is easy to see that

ys = A (certainly) it follows y4 = max {4, % Al — % ys = max { 4, %} =A
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min {17 %} = %. By induction we obtain the each solution of (3) is eventually
three periodic and that is

A n=0 (mod3)
A

Yn = I n=1(mod3) p, forn<3

Lemma 2 Consider the difference equation
~f min{4,%2} n=1 (mod3)
(@) Ynt1 = { max { 4, y"} n # 1 (mod 3)
where yo € R — {0} . Then every solution of (4) is eventually three periodic.

Morever, the following statements are true;
a) If B < —1, then

A n=1 (mod3)
Yn = % n=2(mod3) ,,ford<n
4 n=0 (mod3)
b) If B e (—1,0), then
A _
_J 5 n=2(mod3) <
Yn {A n # 2 (mod3) , ford<n
Proof. (a) Let B e (—oo —1] and 0 < yo. If A< thenyl—mln{ %}:
A yo=max{A, 4} =4 ys =max {4, £} = % and y4 = min {A BA} =
Amax{l,Bj} ZA—yl, By induction we get
A n=1 (mod3)
Yn = % n=2 (mod3) p,forl<n
%z n =0 (mod3)

Let y; = % then yo = max {A, %} = L. If y3 = max {A, &} = 4%, then
Yg = min{A, }é‘l} =AIf y3= max{A, g,%} A, then Y4 —mm{A g} A.
We have y4 = A. It follows y5 = max {A, B} = B, Y = Mmax {A } %
and y7; = min {A, %} = A = y,. Hence, by induction, we obtain

A n=1(mod3)

Yn = % n=2(mod3) »,ford<n
%z n =0 (mod3)

Now, Let B € (—o0 —1]andy0<0 Then y; =min {4, %} =A, A<0<
@ and yo = max{A, B} =4 y3 = max{A, BQ} Amln{l, BZ} = 5‘2 and
y4 = mln{A, B3} Amax{l, B3} A = y;. By induction, we get

A n=1(mod3)
Yn = § n=2(mod3) »,forl<n
%z n =0 (mod3)
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(b) Let B € (—1,0), 0 < yo and y; = A, then yo = max{A,%} = %,
Y3 = max {A, %} = A, y, = min {A7 %} = A = y;. Hence by induction we see
that each solution of Eq.(4) is three periodic and

A
_ [ 5§ n=2(mod3)
y”_{A n # 2 (mod 3) , for1<m

Let y; = %, % < A, then yo :maX{A%} =25 A< Ly or 45 < A,
then by induction we have y; = A. It follows y5 = maX{A7 %} = %, Yo =
max {A, %} = A and y7; = min {A, %} = A = y,. By induction we obtain

A _
_J % n=2(mod3)
yn_{A n # 2 (mod 3)  ford<n

Thus it is eventually three periodic.

Finally, Let yo < 0. then g3 = min{A,%} = A and it follows y, =
maX{A, %} = %, Y3 = maX{A, %} =Aand y, = min{A, %} = A=y By
induction, we get

A _
= B <
Yn {A n#Z(modS)}’forln
Thus, the proof is completed.

Lemma 3 Consider the difference equation

~f min{A, %1 n=2(mod3)
(5) Wp4+1 = { max{{A, %}i n # 2 (mod 3) }

Then every solution of (5) is eventually three periodic. Morever the following
statements are true for wy > 0;
(a) If B e (—o0,—1], then

% n =0 (mod 3)
Wy, =4 Hz n=1(mod3) », for2<n
A n=2 (mod3)

(b) If B € (—1,0), then

A —
_J & n=0(mod3)
wn{A n # 0 (mod 3) y for2<m

Proof. (a) Let B € (—oo,—1] and 0 < wg. If w; = A or w; = “2,then,
certainly, wo = min {A, %} = min {A, %} = A, wyz = max{A%} = % and

w4 = max {A, %} = %. By induction we get

% n =0 (mod 3)
Wy, =4 pz n=1(mod3) p for2<n
A n=2 (mod3)
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It is eventually three periodic.

(b) Let B e (—1,0), then wy = max {4, %®} = Aorw; = max{A,%} =%,
But certainly ws = min {A, %} = min {A, %} = A. Then ws = max {A, %} =

% and wy = maX{A,%} = A and ws = min {A, %} = A = wy. Hence by
induction we obtain

A —
_ /5§ n=0(mod3)
w"_{A n # 0 (mod 3) , for2<mn

Also, It is easy to see that it is eventually three periodic. The proof is
completed.

Theorem 3. Consider (1). If A, B < 0, then every solution of (1) is eventually
six periodic.

Proof. (a) Let 0 < zg,z_1, then we have 0 < x3, and x3,+1 < 0 < 35,42 for
0<n.

We can multiply (1) by z, and use the equality w, = x,2,-1 to obtain
(5). Since all conditions of Lemma 3 are satisfied, we see that in this case the
sequence wy, is eventually three periodic. It means that each solution (x,) of
(1) is eventually six periodic in this case.

(b) Let g < 0 and z_1eR — {0}, then we easily write 3, < 0 < Z3n41,
Z3p42 for 0 < n.

We can multiply (1) by ,, and use the substitution y,, = x,z,—_1, to obtain
(4). Since all conditions of Lemma 2 are satisfied we see that in this case the
sequence y, is eventually three periodic. We can say that each solution () of
(1) is eventually six periodic.

(c) Finally, let x_1 < 0 < xg, then we have 0 < z3, and %3,42 <0 < Z3p41
for 0 < n.

We can multiply (1) by z,, and use y,, = £,&,,—1. Therefore we obtain (3).
Since Lemma 1 is satisfied, in this case, evey solution ( y,) of (3) is eventually
three periodic. It means that each solution (x,,) of (1) is eventually six periodic.
The proof is completed.

2.4. Case IV 0 < A, B. In this section we consider the behaviour of the solutions
of (1) in the case 0 < A, B. Prior to investigating the behaviour of the solutions
of (1), we prove two auxiliary results.

Firstly, let 0 < z_1,xq, then 0 < x,, for —1 < n, which is each solution of
(1). We can multiply (1) by z, use the change y, = z,z,—1. We obtain the
equation

(6) Yn+1 = Max {A, yE"} , 0<n
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where 0 < A, B and 0 < .

Secondly, let x_1,xg < 0, then x,, < 0 for —1 < n, which is each solution of
(1). We can multiply (1) by z,, and use the equality y, = z,x,—1. We obtain
the equation

(7) Yn+1 = min {Aa %} ) 0 <n
where 0 < A, B and 0 < .

Lemma 4 Consider (6). Then the following statements are true;
(a) Let 1 < B, then each solution y, of (6) is eventually constant.
(b) Let B e (0,1), then each solution y, of (6) is eventually satisfies the

difference equation yni1 = 4.

Proof. (a) Let, 1 < B. If yo € (0, AB], then y; = A. Since ¥ < A, it follows
% < A which implies y» = A. By induction we have y, = A for 1 < n.

If AB < yo, then yy = %, If £5 <1, then yo = A and consequently y, = A
for 2 < n. In contrary ye = A2yo Smce 1 < B, we have B" — oo as n — oo.
Hence, there is a number ngeN such that 2 < A and A < 5= . It is easy
to see that y, = A for ng < n, as desired.

If B =1, then yg € (0, A], we have y; = A and consequently y, = A for
1 <n.

If A < yp, then y; = yg, 1 < yo and by induction y,, = yo for 0 < n, that
want to prove.

. (b)AIf Yo € (O,AB], then v = A. Further, yo = max {A, %. =4, A<
% = £. By induction we obtain ¥, < y,41 for 1 < n which implies y,, 41 = %
for 1 < n.

If AB < yo, then y; = %, A < % From, this it follow, that y, 1 = % for
0 < n. The proof is completed

The following lemma can be considered as a dual result of Lemma 4.

Lemma 5 Consider (7) Then the following statements are true;

(a) Let 1 < B, then each solution y, of (7) is eventually satisfies the differ-
ence equation Y,y = % .

(b) Let B e (0,1], then each solution y, of (7) is eventually constant.

Proof. (a) If AB < yo, then y; = A and yo =min {A, %} =4 = %, % < A.
Hence, by induction, we get y,4+1 = %" for 1 <n.

If yo e (0,AB], theny; = %, % < Aand y» = min {4, %} = % = 4.
Thus by induction y,, 11 = % for 0 <n.

(b) Let B e (0,1). If AB < ypo, then it follows y; = A and yo = min { 4, %} =
A< %. It is easy to see that y, = A for 1 < n.
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If yo < AB, then y; = % and If AB? < yy then y» = A. Hence we get
yn = A for 2 < n. If yo < AB?, then Since B € (0,1), B®™ — 00 as n — 00.
Hence, There is an mgeN such that AB™ < yy and yg < AB™ 1. For such
chosen mg we have y,,, = A,which implies y,, = A for my < n.

Finally, Let B =1 and If A <y, then y; = A and yo = min{A,y;} = A=
y1. Hence we get y,, = A for 1 < n. If yo € (0,4), then y1 = yo, yo < A and
y2 = min {A,y1} = y1 = yo. Hence we obtain that y,, = yo for 0 < n. The proof
is completed.

Theorem 4 Consider (1), with 0 < A, B.
a) If 0 <xmo,x_1, 21 = % and 1 < B, then

A A
(xn) = (58—17550, —, 2o
Zo

)

’;07
b) If 0 < xg,2_1, 1 = ;io and 0 < B <1, then

( ) ( A xzg A x9 A Zo )
Tn) =(T-1,%0, —s 5 5 Do BT T
1,40 7o B on B2 Bn_lﬂfo Bn

¢)If 0 < xo,x_1, 21 = 5+ and 1 < B, then (x,,) is eventually two periodic.
d) If 0 < xg,x_1, 21 = "5 and 0 < B <1, then

r_1 o -1 X r—_1 X0
B 7?7 82 7B27"'7 Bn7Bna)

e) If t_1,20 <0, z1 = % and 1 < B, then

() = (w_1,m0,

(30) = (31,00, 2, 50 A To A 20
n) — -1, Oax07B7Bx07BQ)"ﬂanleaBn)“'

) If v_1,20 <0, 21 = % and 0 < B <1, then

A A
(-Tn) = (.T_l,x(), ;O, Zo, ;07 )

g) If ©_1,20 <0, x1 = “5* and 1 < B, then

( ) ( T—1 o T-1 Xo -1 Xo )
Tn) = T-1,%0, "5 5 5 5o D27 D’ m
LT B2 g2 B B
h) If x_1,20 <0, 21 = I—];l and 0 < B < 1, then (z,) is eventually two
periodic.
i) If ©_1<0<uzy and 1 < B, then

A A
(zn) = (z-1, 70, ;0, Zo, ;0’ )

JIf z_1 <0<zp and 0 < B < 1, then

() = (1,30, 2, T0 A 2o A 20
n - —17 O? xo? B’B{b()7 BQ?"') Bnilxo? Bn)"'
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k) If zo <0<z_1 and 1 < B, then

Tr_q AB Xr_1 AB

(7)) = (x_1,m0, — B 3671 ?;Ea)

1) If 1o <0< x_1 and 0 < B < 1, then

Proof. (a),(b)Let0 < z_1,2zpand x; = &.1f 1 < B, then 25 = max {xo, §°} =
acomax{l,g} =29, 0 < zg and x3 = max{%,Bimo} = Amax{l, B} = IA
By induction, we obtain x5, = max {330, B } =z and xo,—1 = max{ﬁ)7 B’io} =

—0 for 1 < n, that is,

A A
(Cﬁ'n) - (.%'71,.1‘07 ?0; o, %, )

IfO<B<1andx1:m—‘i‘),thenxg:rnax{zg,%o}:QE—O 0<%, 23 =

AB _A _ A 11 _ AB — Zo ®o | _ Tg
max{ }—momaX{B,B}— S and T4 = max {3, Bz}— B~ By

xo '’ Bxo x

induction we get xa, = % and xo,_1 = W for 1 < n, that is,

A To R A Zo

" B’ Bxg B2""’anlxo’ﬁ"“)

(n) = (2 1 Z0;, —

(c), (d) Let 0 < z_y,z0, then 2y = *z*. The case when ;io < % and
1 < B is more complicated. Because 0 < z, for —1 < n, we can multiply
(1) by (x,,) and use the substitution vy, = x,%,—1, wWe obtain (6). Since all
conditions of Lemma 4 are satisfied we see that the sequence (y,,) is eventually
constant. It means that each solution ( n) of (1), in the case, is eventually two

periodic. If 0 < B < 1 and z; = , then 48 < g, Zo and

xr_1 ’:El B

AB L1 L1 — AB zo | _ AB z_1
- <7F < BQ.Hencemg—maX{Ll,B}—B,andxg—max{m,Bg}

= $B;21. By induction, we get xg, = %%

5% and w2, 1 = B’,} for 1 < n, that is,

$1$01‘11’0 r—_1 X0

B B B2 ,Bz’...,ﬁ7ﬁ,...)

(xn) (37 1,205

(e), (f) Let _1,29 < 0, then z,, < 0 for =1 < n. If1 < B and z; = &

Io’
— Zol _ ; 1 Zg — AB A _
then zo = max{xo, B} = xomln{l, B} B and x3 = max{ vl Bzo} =
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%min{B,%} =

0 . By induction, we get x3, = % and x9,_1 =

and x4 = max{Bmo, %} = xomin{B, E}Q} =5 5 <
for 1 < n, that is,

A
BI(]
Bn— 1

A X0 A Zo A Zo

(o) = (onoto o0 G By B2 By B )

Ifo< B<1and z; = A then zo = max{xm%} = 20, 5 < wo and

T3 = max {%, %To} = 3, in {1 = %, Using induction we get x,41 = %
for 1 < n. That is
A A
(1:7L) = (17_1,.1'0, —5 X0, — )
Zo Zo

(), (h) Let z_y,29 <0, then z, < 0for =1 <n. If 1 < B and z; = %52,
then zo = maux{AfEi7 %} =20 and z3 = max{%, zB;;} = “=. By induction

we get Ton, = 2% and 29,1 = 5 for 1 < n, that is

X_1 o -1 X r—_1 X9

(l'n) = (1'71,‘(60, ?7 §7 ?, ﬁ, ceny ﬁ7 ﬁ, )

If x_1,20<0, 21 = xél and 0 < B <1, then since x,, <0 for —1 < n, we
can multiply (1) by (z,) and use the change y,, = 2, Z,,_1, we obtain that the
sequence (y,) satisfies (7) and 0 < y,, for 0 < n. Since 0 < B < 1 by Lemma 2
we obtain that (y,) is eventually constant. which implies that (x,,) is eventually
two periodic.

(i), (j) Let z—1 < 0 < zp, then 24 :max{i %}:A, =

Zo

A A
1 < B,thenzs = max{mo,g} = xomax{l,g} =xpand x3 = max{a,B—mo} =

4 max {17 5= 7“2 = x1. Hence, by induction,we write 0 < z,, and x,, 1 = xA
for 0 < n.That is
A A
(fL'n) = (ZE—17$07 —H T, —» )
Zo Zo
If 0 < B <1, then 1 = Aand Ty = max{:co,%} = 2 and z3 =
AB A o P
max{ zo’Bwo} = —max{B,B} = ﬁ and 4 = max{Bmo,%} = 55

Hence, by induction, we get zs, = and xo,_1 = ﬁ for 1 < n, that is,

Zo_
B’VL
A l‘o A ZTo A To

" B’ Bxg 32""’anlxo’ﬁ"“)

(n) = (2 10, —

(k), (1) Let zg < 0 < z_1, then 0 < z,, for 1 < n. Also x1 = max{%,%} =

% A< 1andx2:maX{A—B @}:A—B LB°<O<;4fBl.

? xo zr_1’ B x_1’
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If 1 < B, then z3 :max{i 1} =max {F, F} = Hmax {1, 5} =

zg’ji
mlg,l =1z and x4 = max {f—f, %} = f—ﬁ. Hence, by induction, we get xo, =
ﬁ—ﬁ and 29,1 = “F* for 1 < n, that is,
Tr_q AB Xr_1 AB
(zn) = (x_l,xo,?,g,?,a,...)
If 0 < B <1, then 2y = “5* and 2, = f% and 3 = max {“F, |} =
%max{l,%} = % and 24 = max{’i_Bf,m—‘:} = m—imax{Bz,l} = m—‘i‘l.

- and T2, -1 = G for 1 < n, that is,

Hence, by induction, we get xo, = ﬁ
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