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Summary. In this study, we have found bounds for the spectral norms of A,
A°(=1 | 4°1/2) and B using two different methods where A = [1/(ij)]7;_, and

B = [Vij/(i+j)};=1-
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1. Introduction

Let A = (ai;) be n x n real matrix. The Hadamard inverse of the Matrix A is

defined as
A1) — <1)
aij

such that a;; # 0 for 1 <4, j < n.
Let A = (a;j) be n x n matrix. The Hadamard square root of the Matrix A
is defined as

40(1/2) _ (a;f)

such that a;; > 0for 1 <4, j <n.

v = 0.5772156649 is known as Euler constant.

Let A = (a;j) be n x n real matrix. The well known Euclidean norm of the
matrix A is

1/2

n n 1/2
l4llp = {3 layP =<Zo?<A>>

ij=1
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and also the spectral norm of the matrix A is

[A[ly =/ max |l
1<i<n

where )\; is eigenvalue of A7 A and A" is conjugate transpose of the matrix A.
The folloeing inequality between ||A|| and ||A[|, norms is holds [1]:

(1) 1Al < [Alls < Vil Allly-

A function ¥ is called psi (or digamma) function if

W(w) = - {log[r (@)}
where

o0

I(z) = /e_tt‘r_ldt.
0

It is called polygamma function the n th derivatives of psi function [2] i.e.

U(n,z) = %Psi(w) = ;;—nn LZE In [F(a:)]}

d

where if n = 0 then ¥(0,z) = Psi(x) = d—{ln [['(z)]}. On the other hand, if
T

a > 0, b is any number and n is positive integer, then

lim ¥(a, n+b) =0.

n— oo

Theorem 1 [8] Let A, B, C € My, . If A= BoC then

(2) I[A[lly < 71(B) er(C)

_ 2 ,
c(A) = max, I> lai;* = max llas;]izyll,
i
_ / 2
r1(A) = max Z la;;|” = max H[aij]}w:luz‘
J

2. The Bounds for Spectral Norms of Some Special Matrices

such that

and

Theorem 2 Let A = [1/(ij)]}';—1 be a matriz. Then
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i) & (% - n+n) <Al < %
ii) ﬁ(\ll(nqu)Jr'y) <[4, € ¥(n+1) + v

i) EEEREN | 4o, 2z

hold.

Proof. i) Let us write the matrix A clearly

1

=
‘H

111 112 1.1n
21 22 2.n
A .
I S
n.1l n.2 . : : n.n
Then the Euclidean norm of A is
2 2 2 2 2 2
JAIE = () + (1) o+ ()] + [+ (39) -+ ()]
o [T G ()
= Y () E) DGR
k=1 k=1 k=1
= &) EtEY ot ot
k=1 k=1 k=1

If we evaluate (>, _, (1/k2))2, then we have
n 2 2 2
2 — -
(> /) _(6 \Il(l,n+1)) .
Hence

7.(.2

(3) lAllr =Y, (k) = T = ¥(1, n+ 1),

The limit value for the right side of (3) as n — oo is
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2

o B 0%
From (1)

1 [(n? w2
— | = —-Y(1 1 < |||A < —
7= (5 v ) < lall, < 5
is obtained.

ii) If we write the matrix A°(1/2) then we have

[/ 1]
1.1 1.2 . . . 1.n
1 1 1
2.1 2.2 2.n
A:
1 1 1
n.1 n2 00 n.n |

If Euclidean norm of the matrix A is computed, then we obtain

2 n n 1
a2 = ) = (@4 1)+9) T+ 1)+ (T(n+1
Jae] =5 Do | = e D+ W d )+ (M 1)+ )
If we rearrange above expression, then we get
HA“/ZHQ :Zn: ani — (U (n+1)+7)%.
. —

)
i=1 \j=1 J

Therefore we write,

(5) HA°1/2HF —U(n+1)+7.

from (1) can deduce the following inequatity

T2+ D+ < [l < nen) 4y

iii) The matrix A°(-1) is

1.1 12 . . . 1n

21 22 . . . 2n
Ac(=1) —

nl n2 . . . nn
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Thus we have

HAC’(*UHi = (112 (12 4ot (L)?] + [0 + (222 4o+ (20)7]
+ 4 [(n1)? 4+ (n2)* + ... + (n.n)?]
= D LR+ 2R+ 4D (k)
k=1 k=1 k=1

= 12.Zn:k2+22.zn:k2+ +n2.zn:k2
k=1 k=1 k=1
= [1P+2°+ .. +n? (f:l#) = (f:l#) <§n:k2>
k=1 k=1

from the definition of Euclidean norm and then we obtain

_ +1)(2n+1)
A0( 1)H _ B2 — n(n .
H F kz_;l 6

Again from (1) we write

vin+1)(2n+1
6

) < H‘Ao(fl)w < nn+1)(2n + 1).
2 6

Theorem 3 Let B = [\/ij/(i + j)|}'j=1. Then

[[(F@2n+1) = ¥(n+1))+n(¥(l, 2n+1) — ¥(1, n+1))
(n+1)(n+2) 2n+1)(n+1)
12n 6 >

2 1/2
“aa (2EIEL) L SO

—\11(1,2—|—n)<

6n

and

I1Blll, < [n(¥@2n+1) —¥(n+1))+n? (¥(L, 2n+1) - V(1, n+ 1))+

(n+1)(n+2) 2n+1)(n+1)
5~ n¥(1, 2+ n) (6 / ) -
n2 n 1/2
¥(2+n) (3 ot 1) ERWI)

hold where f(n) = (11031396).( 99961061 )™.10—8n—7 p2208663.107%
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Proof. Since

oL V2 VB Vi
2 3 4 ntl
V2 1 V6 V2n
3 2 5 n+2
V3 /6 1 V3n
4 5 2 n+3
B = . . . )
vnoo V2n V3n 1
- n+1 n+2 n+3 2 ~

we obtain

2(U(1,2n+1)—¥(l,n+1)) —n¥(n+1) — ¥(1,n+ 1)n?
w124 n) (n+1)° -T2 +n) (szzﬂ
+3(T,24n)—3) (n+1)*+ (-3 — ¥ (1,2+n)) (n+1)

102 4n) -3 -7 1w +n)(n+1)2 4 OHL _on

+(2+302+n) (n+1)+ (/;(22\11(1,2 +n) +iP(i + n)))

After rearranging this expression, we have

IBI% = n (20 +1) — U(n+1)) + n? (¥(1,2n+1) — (1
—n\II(LQ‘f’n) (%) _ \11(2-1-71 (Sn +3n+1 )

n

ARGARIURE . T (Z(ﬁ\y(L i+n) —l—z\I/(z—i-n)))

(I,m+1))
(6)

Let’s try to find a function for the terms inside Y in (6). If we evaluate these
terms, then we obtain
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Z (®W(1, i +n)+i¥(i +n))
1

.
Il

n 3 n 2
- ( J;l) \11(1,2+n)+7( J;l) <\I/(1,2+n)—;>

SEES

—n2U(1, n4+1) +n°U(1, 2n+1) —n¥(n+ 1) + n¥(2n + 1)+
1

(n+1) {—2 ~ Ly, 2+n)} R SIS B S G k0 i TS

3 6 4 6 2

(n+1)?2 3 3
+ 1 4n+(n+1) B

= %{[(n—;l)Q B (n—gl)3 _n;;l]\p(l,2+n)—n2\11(17n+1)+
TL2\I/(17 2n+1)_ |:é+ (n‘gl)Q _ (?’l-z‘rl):| \I’(2+n)—
mEl)g —%(n+1)+

3
— Zn+1.1031396n % }

6
1 u
+ V@ n)} +1.1031396 n5 }

§(n+1)

nU(n+1)+n¥2n+1) - 5

3 1 (n+1)?

1 6! 1

_ %{[(”;1)2 _ (”“)3 _ n+1]\11(1 2 1 n) +n’(U(L, 20+ 1) — U(L, n+ 1))

_((n+1) n+1

L1
2 6
(n+1)2 5
1) —
12 6( n+1)
1 1
_ 7{7371 +3n + (1,
n 6

1
—sv+ 1103139605 }

>\If2—|—n +n(T2n+1) - T(n+1))

3 13
2

3042
n42) + (W20 1) — U(n 1))+ T2

12

and if this expression is rearranged, then we have

. 9 . . . _ 23 +3n%2+n
(7) ;(Z‘I’(l,z+n)+w(z+n)) = I Nyt
+n(¥(2n+1) — U(n+1))
(1 _3n+3> T+ 2t

6n 6
n+3
12

1
—_— 1.1031396n 5
+6n on v+ n

U(2n+1) = U(n+ 1)+
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According to Table 1 for the different values of n in (7), the best proper
function is

n

fn) = D (PU(1,i+n)+i¥(itn))

=1
(11031396).( 99961061 )™, 10817 4,2208663.107°

n=1 1.067718 | n=15 432.27159

n=2 4.96524 n =20 | 816.459414
n=3 1218772 | n=25 | 1335.697984
n=4 | 23.05798 | n=30 | 1995.485319
n=>5 | 3782302 | n=50 | 6120.792804
n==6 56.68172 | n =60 | 9118.075789
n="7 | 7980022 | n=70 | 12764.02713
n= 107.32113 | n =80 | 17074.00347
n=9 | 139.36928 | n=90 | 22061.30790
n=10 | 176.05570 | n =100 | 27737.67637

Table 1.

Hence we have

IB|[% = n (T2n+1) — U(n+1)) + n® (¥(1,2n+1) — ¥(1,n+ 1))
n n TL2 113
©) “nW(1,2 4 n) (SR g2 4 (i)
_,_w — 2+ f(n)

Using (8) and (1), we have following inequalities:

[(\1/(2n+ )= U(n+1)) +n (T(1,2n+1) — U(1,n+ 1)) 4 EFD0+2)

n n n243m " 1/2
(124 m) (SO —wn) (B ) - gy L0 <,
1Bl < [n (9(20+1) = W(n+ 1)) + n? (@(1,20+1) = B(1,n + 1)) + CHY 2

—n¥(1,2+n) (%) — U(2+mn) (W) -+ f(n)]l/2

[
Corollary 1. For the matrix B given in Theorem 3, B = B°(-1),
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3 Comparison of Bounds

In this section, we will be compared upper bounds obtained in Section 2
and upper bounds that will be obtained using inequalities in (5), and it will be
determined which upper bounds are the best than the others.

Result 1. Let A be a matrix given in Theorem 2. If we use inequality (5) in

Theorem 1, the following upper bounds will be satisfied

i) 4], < & - ¥(ln+1),
i) [|[A°C], < ¥(n+1) +7,

i) |4+, < mnstyene

Proof. i) Let A = B o C where

i 1 1 1 1

i 1 b1 i

1 2 n 2 2 2
B=|" " " | and C = '

11 1 11 1

1 2 n n o n n

Hence, since

<
-
5
|
N
el
N———
N
+
VR
N | =
N——
N
+
+
7N
SN
N————
[\v]
Il

and
1\? /1\? 1\?
2
= \/7;—\11(1,n+1),
we have
"1 72
(9) [Alll; < 71(B) er(C) = Zkﬁ =5 ~¥(Ln+1)
k=1



It is seen that the upper bound in (9) is the same in Theorem 2 (i). Conse-
quently, the upper bound obtained in Theorem 2 (i) is the best upper bound.
ii) Let A°(1/2) = M o P where

1 1 1 1 1 1
1w v 11 1
1 V2 NG V2 ooV2 V2
M = ’ R ) and P = ’ : :
11 1 11 N
L 1T V2 N vnoon vn
Hence since
M) = 1\2 1)? 1 2_ 1,1 1
rl( )— T) +(ﬁ) + +(W) = T+§+ +E
n
== VEFD)
k=1
and
1\2 1)2 1\? 1 1 1
alP) = J(@°+ () + o+ () = iraso )
=4/ X =V¥(n+1) +7,
k=1
we have

(10) H‘Ao(l/z)w2 < r(M)er(P) =/¥n+1) +9 /¥ (n+1) +4
= ¥(n+1) +y
It is seen that the upper bound in (10) is the same in Theorem 2 (ii). Con-

sequently, the upper bound obtained in Theorem 2 (ii) is the best upper bound.
iii) Let A°C-Y) = K o L where

1 2 . . . n 1 1 . . .1

1 2 . . . n 2 2 . . . 2
K=" " "l and L =

1 2 . . . n nn . . .n

Since

ri(K) = V124224 . 4+ n2=

- n(n+1)(2n+1)
k2 =
S =y

and
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a(l) = V12+224+ .+ 2= zn:kz - \/n(n+1)(2n+1),

6
k=1

we obtain

n(n+1)(2n+1)
5 .

It is seen that the upper bound in (11) is the same in Theorem 2 (iii).
Consequently, the upper bound obtained in Theorem 2 (iii) is the best upper
bound. m
Result 2. Let B = [\/ij/(i + j)]};—;. Then

1 2
Bl < nyf o= (T —1-w(1,n+2)).
2 \6
Proof. Let B = C oD where

(11) H)A"“”HL < n(K)ea(l) =

VIoV2 vn o] 1 1 1
1 1 1 2 3 n—{—l
V2 o 4 V2n 1 1 1
1 1 1 3 4 n+2
C = . ) . ) and )
N 1 1 1
Since
(@ = Vn+2n+ ... +n2=+nl+2+...+n) =
n(n+1) n+1
= n— =
2 "V
and
2 2 2
1 1 1
D - - =
awor = 3) () ()
n
1 2
- -/ 1w p
Z(k+1)2 \/6 (1,n+2),
k=1
we have

(12) 1Bl < m(C)er(D) = n\/”“ (”21@(1,%2)).

It is seen that the upper bound in Theorem 3 is better than (12)
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4. Numerical Results

Table 2.

[~ & T 14, [ % ]
5 | 0.7356368786 | 1.463611111 | 1.644934068
10 | 0.5201738254 | 1.549767731 | 1.6449340683
15 | 0.4247201498 | 1.580440283 | 1.644934068
20 | 0.3678184394 | 1.596163244 | 1.644934068
30 | 0.3003224981 | 1.612150118 | 1.644934068
40 | 0.2600869127 | 1.620243963 | 1.644934068
50 | 0.2326288067 | 1.625132734 | 1.644934068
100 | 0.1644934068 | 1.634983900 | 1.644934068
150 | 0.1343083042 | 1.638289573 | 1.644934068

Table 3.

[ 7 [ Z@n+1)+4) [ A, [¥@n+1)+7 ]
5 1.1021137710 | 2.283333333 | 2.283333333
10 0.9262210876 | 2.928968254 | 2.928968254
15 0.8567630419 | 3.318228993 | 3.318228993
20 0.8044790440 | 3.597739657 | 3.597739657
30 0.7293815229 | 3.994987131 | 3.994987131
40 0.6764970533 | 4.278543039 | 4.278543039
50 0.6362837207 | 4.499205338 | 4.499205338
100 | 0.5187377518 | 5.187377518 | 5.187377518
150 | 0.4565179833 | 5.591180589 | 5.591180589

Table 4.

n_| Za(@n+1)+9) [ 147,

U(n+1)+y H

5 1.1021137710 2.283333333 | 2.283333333
10 0.9262210876 2.928968254 | 2.928968254
15 0.8567630419 3.318228993 | 3.318228993
20 0.8044790440 3.597739657 | 3.318228993
30 0.7293815229 3.994987131 | 3.994987131
40 0.6764970533 4.278543039 | 4.278543039
50 0.6362837207 4.499205338 | 4.499205338
100 0.5187377518 5.187377518 | 5.187377518
150 0.4565179833 5.591180589 | 5.591180589
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Table 5

[ N]T X7 B, | km ]
5 1.108080674 | 2.329355055 | 2.477743720
10 | 1.496873548 | 4.541330816 | 4.733529779
15 | 1.784423184 | 6.736973533 | 6.911041296
20 | 2.026826140 | 8.927158040 | 9.0642422197
30 | 2.441758874 | 13.30120029 | 13.37406408
40 | 2.802603736 | 17.67175325 | 17.72522214
50 | 3.128091487 | 22.04080444 | 22.11894684
100 | 4.143819216 | 43.87888779 | 44.13819216
150 | 5.284079187 | 64.71362680 | 64.71648868

where

Kn)=nT(2n+1) -
(n+1)(n+2)
12

U(n+1)) (W(1, 2n+1 —¥(l,n+1))+

w(l, 2+ n <2n+ 1))

1
W(2 4 n) M ~ Ty )2
6 6
Table 6.
n+1
N | B (5 -1-van+2)
5[ 2.329355055 6.070763269
10 | 4541330816 1751906695
15 | 6.736973533 32.43183251
20 | 8.927158040 50.13391502
30 | 13.30120029 92.48789255
10 | 1767175325 1427007555
50 | 22.04080444 199.6915662
100 | 43.87888779 5663152628
150 | 64.71362680 1041.330359




References

1. Zielke, G.(1988): Some Remarks on Matriz norms, Condition Numbers and Error
Estimates for Linear Equations, Linear Algebra and Its Applications, 110: 29-41 .

2. Moenck, R.(1977): On Computing Closed Forms for Summations, Proc. MAC-
SYMA user’s conf. pp. 225-236 .

3. Mathias, R. (1990): The Spectral Norm of a Nonnegative Matriz, Linear Algebra
and Its Applications, 131: 269 — 284.

96



