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Abstract. Copula functions is widely known tool to model dependence struc-
ture amaong multivariate random variables. In this paper, a special class of
copula is called Archimedean is considered. Using bivariate Archimedean copula
functions, specifying the dependence structure for modelling bivariate distribu-
tion is investigated when only the values of distribution functions are avaliable.
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1. Introduction

Copulas may said to be �rst appeared in the probability metric literature. How-
ever, using copula method has a short history in the statistics literature. Most
of the statistical applications that has been used copula method have arisen in
the last ten years. In the light of recent developments of copula literaure, several
appealing properties of copulas are now widely known.
Copulas have been considered as a tool for modelling dependence in several
applied �elds such as �nance, insurance, (bio)statistical, econometric, demeo-
graphic and actuarial studies. For further details on copulas, we refer the inter-
ested reader to [3,4,6,9,12,14,15].
If we assume that ,u = (u1; :::; um)0; uj 2 [0; 1] an m copula C(u) is de�ned as a
multivariate cumulative distribution function witih uniform margins. A proba-
bilistic way to de�ne the copula is provided by the theorem of Sklar [11,13]. He
obtained the results and introducing the notion, and the name, of a copula, and
proving the theorem that is known Sklar�s theorem.This cumulative distribution
function is termed di¤erent names in various studies, including �copulas� [11],
�dependence funciton�[2], and �uniform representation�[5]. In this study, these
names will be used, interchangeably.
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Since the Archimedean representation allows us to reduce the study of a mul-
tivariate copula to a single univariate function, we focus on some bivariate
Archimedean copulas: Gumbel, Clayton and Frank.
This paper is organized as follows: In section 2, copula methodology is intro-
duced in terms of probability distribution functions. Section 3 consists of, a
special class of copulas that is called Archimedean and their properties. Then
we consider the nonparametric method that has been suggested in Genest and
Rivest�s paper to choose the appropriate Archimedean copula function for data,
under the assumption of the data can be suitably modelled by one of Arhimedean
copulas.
In section 4, we illustrated the nonparametric method when only values of mar-
ginal distribution functions are avaliable.

2. Copula Methodology

For m uniform random U1; U2; :::; Umvariables the joint distribution funciton C
is de�ned as

(2.1) C(u1; u2; :::; um; �) = Pr(U1 � u1; U2 � u2; :::; Um � um)

Here, � is the dependence parameter.
A probabilistic way to de�ne the copula is provided by the theorem of Sklar
[11,13]. Let X1; X2; :::; Xm be random variables with the continuous marginal
distributions F1(x1); F2(x2); :::; Fm(xm) and the corresponding joint distribu-
tion function is
H(x1; x2; :::; xm). Sklar theorem states that if H is a m -dimensional distrib-
ution function then there exists a unique m-copula C such that

(2.2) H(x1; x2; :::; xm) = C(F1(x1); F2(x2); :::; Fm(xm))

The converse is also ture [11,13]. If C is an m -copula and F1(x1); F2(x2); :::;
Fm(xm) are continuous then H(x1; x2; :::; xm) is an -dimensional distribution
function with continuous marginals F1(x1); F2(x2); :::; Fm(xm) such that

(2.3) C(F1(x1); F2(x2); :::; Fm(xm)) = H(x1; x2; :::; xm)

Sklar [13] also showed that if the marginal distributions are continuous, then
there is a unique copula representation. An important property is that the
copula allows the dependence structure independently from the marginal dis-
tributions. Hence, emprical marginals can be used for estimating their copula
functions.

2.1. The Bivariate Archimedean Copula

Let H(x; y) be a bivariate distribution function with marginals F (x) and G(y)
. If H(x; y) can be expressed in the form of

(2.1.1) C(x; y) = ��1 f� fF (x)g+ � fG(y)gg
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H(x; y) is said to be generated by an Archimedean copula, for some convex,
decreasing function � that has the properties below.

� denote a funciton � : [0; 1]! [0;1]which is continuous and satis�es:
i. �(1) = 0
ii. �(0) =1
iii. � is decreasing, i.e 8t 2 (0; 1) ; �0(t) < 0
iv. � is convex, i.e 8t 2 (0; 1) ; �00(t) � 0

The function � has an inverse ��1 : [0;1]! [0; 1] which has the same properties
except that ��1(0) = 1 ve ��1(1) = 0
Table 1 gives some examples of bivariate Archimedean copulas and correspond-
ing generator functions

Family
Generator
�(t)

Dependence
Parameter
Space

Bivariate Copula
C(u1; u2)

Gumbel (� ln t)� � � 1 exp [�[(� lnu1)�+(� lnu2)�]1=�]
Clayton t���1 � > 1 ((u1)

��+(u2)
���1)�1=�

Frank � ln e��t�1
e���1 �1 < � <1 (� 1

�
) ln f (1�e

��)�(1�e��u1 )(1�e��u2)
(1�e��) g

Table 1. Bivariate Arch im edean copulas and corresp onding generator functions.

There is a relationship between parameters of some Archimedean copulas and
Kendall tau or Spearman rho. In this study only the relationship including
Kendall�s Tau is given by Table 2. However, there is no unique multivariate
dependence measure and this makes multivariate copulas less appealing.

Family Range of � �

Gumbel � 2 [1;1) ��1
�

Clayton � 2 [0;1) �
�+2

Frank � 2 (�1;1) 1� 4
� [1�D1(�)]

Table 2. The Relationship Between Copula Parameters and Kendall0sTau

D1(�) is the Debye function and de�ned as Dn(x) = n
xn

xZ
0

tn

et�1dt; n > 0:

3. The Nonparametric Method

Genest and Rivest [1] suggested a nonparametric method for estimating the
Archimedean copulas of a pair of random variables. The problem of specifying
a probability model for independent observations (x1; y1); :::; (xn; yn) from bi-
variate non-Gaussian distribution function H(X;Y ) with continuous marginal
distributions F (x)and G(y) is considered. Archimedean copulas can be charac-
terized by behaviour of the random variable H(X;Y ) = T , [1]. Because of this
fact, obtaning the estimation of (3.1) ) will be usefull. As seen from (3.1),K(t)
is the distribution of H(X;Y ) = T .

(3.1) K(t) = Pr[H(X;Y ) � t] = Pr[CfFX(X); GY (Y )g � t]

37



Genest and Rivest [1] also proved that if the dependence function C is Archimedean
then the estimation of an Archimedean copula is uniquely determined by a func-
tion (3.2) de�ned on the interval (0; 1):

(3.2) K(t) = t� �(t)

�0(t)

Since we do not have T 0s pseudo observations are used to obtain nonparametric
estimate of K(t) say, Kn(t)

(3.3) Kn(t) =
nX
j=1

I[fTj � tg]=(n+ 1)

As seen the equations, Kn(t) is the emprical estimation of K(t).
The estimation of K can be done in two steps. The �rst step consists of con-
structing the emprical bivariate distributionHn(X;Y ). The second step consists
of computing Hn(xi; yi) for i = 1; 2; :::; n and using those pseudo-observations
to construct a one-dimensional emprical distribution function for K.

Family �(t) �0(t) K(t) = t� �(t)
�0(t)

Gumbel (� ln t)� ��(� ln t)��1 1t t� (t ln t)
�

Clayton t�� � 1 ��t���1 t� (t�+1�t)
�

Frank � ln e��t�1
e���1

�
1�e�t t�

ln e��t�1
e���1
� (e�t � 1)

Table 3. Distribution Functions of Archimedean Copulas

1. Estimate Kendall�s correlation coe¢ cient using the nonparametric esti-
mate of copula parameters.
2. Follow the three steps below to obtain nonparametric estimate of K(t) ,
say Kn(t)

i. Ti = Fn(Xi; Yi) =
nX
j=1

I[ffXj � Xi&Yj � Yig]=(n+ 1); i = 1; 2; : : : ; n

ii. Kn(t) =
#(Ti � t)
n+ 1

=
number of Ti � t

n+ 1

iii. Construct a parametric of K(t) that is Kn(t) using therelationship (3.2)

K(t) = t� �(t)

�0(t)

3. The selection of an Archimedean copula that �ts the data beter can be
done by minimizing a distance such as

(3.4)
Z �

K�n(t)�Kn(t)
�2
dKn(t)
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4. Application

On the previous sections, the method that has been suggested by Genest and
Rivest [1] is introduced. They have suggested the method to select the suitable
copula function. In this study we use this method for same purpose when only
the values of any continuous distribution function are avaliable instead of data
itself. In other words, we assumued that data are collected as probabilities of
any case such as a failure/ survival probabilities.
Under the assumption of the data may be observed for any study, we generated
dependent bivariate data (n = 200 ) using Gumbel copula wtih positive and high
correlation (� = 0:75 ). Ignoring the information of correlation and the data
generated by using Gumbel copula, aim of this study is to choose the suitable
copula function that provide best �t. An example of the generated data is given
by Table(4).

X Y
1 0.2280 0.3498
2 0.1615 0.2749
3 0.9508 0.9598
4 0.7921 0.8273
...

...
...

198 0.0269 0.0953
199 0.6716 0.6129
200 0.9315 0.9281
Table 4. Example of dataset

By following �rst step of the procedure that introduced in section 3.1, we calcu-
lated Kendall�s Tau coe�cient as 0.7472 for (X;Y ). Using the relationship that
is shown in Table2, copula parametres are estimated and results are given by
Table 5

Family Gumbel Clayton Frankb� 3.9563 5.9125 14.1385
Table 5. Nonparametric Estimation of Archimedean CopulaParameters

By using pseudo-observations,Kn(t), the nonparametric estimatimates of K(t)is
calculated. The equation (3.2) and nonparametric estimates of parameters that
are shown in Table 5 are used for the parametric estimates of copula functons.
Finally, for selecting the suitable copula Kn(t), is compared to KGumbel(t),
KClayton(t)and KFrank(t) using the square distance measure (3.4). This dis-
tance measure (3.4) is calculated 0:00144 for Gumbel copula and 0:03686 ,
0:00997 for Clayton and Frank copula, respectively. According to this meausure
(3.4) Gumbel copula is selected. Calculations are summarized in Table 6.
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t Cum. Kn(t) KGbl(t) KCl(t) KFrk(t) Gumbel Clayton Frank

0:00001 1 0:00498 0:00004 0:00001 0:00010 0:00002 0:00002 0:00002

0:05001 20 0:09950 0:08788 0:05847 0:09941 0:00014 0:00168 0:00000

0:10001 34 0:16915 0:15821 0:11692 0:16134 0:00012 0:00273 0:00006

0:15001 47 0:23383 0:22194 0:17538 0:21632 0:00014 0:00342 0:00031

0:20001 58 0:28856 0:28137 0:23384 0:26860 0:00005 0:00299 0:00040

0:25001 71 0:35323 0:33761 0:29228 0:31970 0:00024 0:00371 0:00112

0:30001 80 0:39801 0:39131 0:35071 0:37022 0:00004 0:00224 0:00077

0:35001 90 0:44776 0:44289 0:40909 0:42048 0:00002 0:00150 0:00074

0:40001 98 0:48756 0:49265 0:46736 0:47060 0:00003 0:00041 0:00029

0:45001 111 0:55224 0:54083 0:52544 0:52065 0:00013 0:00072 0:00100

0:50001 120 0:59701 0:58761 0:58317 0:57065 0:00009 0:00019 0:00070

0:55001 127 0:63184 0:63312 0:64032 0:62060 0:00000 0:00007 0:00013

0:60001 136 0:67662 0:67748 0:69654 0:67048 0:00000 0:00040 0:00004

0:65001 142 0:70647 0:72078 0:75134 0:72023 0:00020 0:00201 0:00019

0:70001 154 0:76617 0:76312 0:80403 0:76972 0:00001 0:00143 0:00001

0:75001 162 0:80597 0:80454 0:85371 0:81867 0:00000 0:00228 0:00016

0:80001 169 0:84080 0:84513 0:89915 0:86655 0:00002 0:00340 0:00066

0:85001 177 0:88060 0:88492 0:93877 0:91225 0:00002 0:00338 0:00100

0:90001 185 0:92040 0:92398 0:97058 0:95353 0:00001 0:00252 0:00110

0:95001 191 0:95025 0:96232 0:99204 0:98585 0:00015 0:00175 0:00127

1:00000 200 1:00000 1:00000 1:00000 1:00000 0:00144 0:03686 0:00997

Table 6. The Nonparametric Parametric Estimatesof Kn(t) and SquareDistance

5. Conclusion

In this sudy, the copula term in statistics literature and a special class of copula
that is called Archimeadan copula family are introduced. Because of appealing
mathematical properties, Archimedean copulas are preferred in many studies
such as biostatistical, econometrcial or studies with concerning mortatlity. In
such studies, the data can be obtained as failure/ survival probabillites and
researchers may be interested in modelling the dependency between two vari-
ables. When modelling the dependecy, using copula is a common way. Genest
and Rivest has been suggested the nonparametric method to select the suitable
Archimedean copula.
In this study, under the assumption of the data can be modelled by Archimedean
copula function, this method is applied to generated data by using these prob-
abilities to select the appropriate copula function. We restrict this study in
bivarite case, multivariate case is still an open problem. For proceeding studies,
we are planning to apply the method to real data sets with di¤erent copula
familes.
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