Selcuk J. Appl. Math. Selguk Journal of
Vol. 13. No. 1. pp. 3-9, 2012 Applied Mathematics

Approximate Solution of the Double Nonlinear Singular Integral
Equations with Hilbert Kernel by the Method of Contractive
Mappings

Nushaba F. Gasimova

Ministry of Education of Azerbaijan Republic, Khatai(Xatai) prospect, 49, AZ 1008,
Azerbaijan

e-mail: enusabe@yahoo.com

Received Date: September 7, 2010
Accepted Date: March 8, 2011

Abstract. In this paper the double nonlinear singular integral equations with
Hilbert kernel are solved by contractive mappings method and the rate of con-
vergence of sequential approximations to exact solution is found.

Key words: Approximate solution; Singular integral equations; Bicylindrical
domain; Superposition; Cfontractive mappings
2000 Mathematics Subject Classification: 45G05.

1. Introduction
Some notations and auxiliary facts
Let’s consider the following double nonlinear singular integral equation (NSIE)

of the form

s—x ’ t—y
c
972

(1.1) o(z,y) = A / /F[s,t,gp(s,t)]ctg ds dt + f(z,y),

—T —T

where A is a real parameter, F' and f are the given functions, ¢ is the desired
function. Equations of the form (1.1) are met by studying limit values on the
frames of bicylinder of the function which is analytic in bicylindrical domain
[1] and the theory of singular integral equations [2]. In this paper we’ll solve
equation (1.1) by the contractive mappings method.

By C(T?) we denote a space of continuous functions on T? = [, 7] x [—7, 7]
and have 27 periodic by each of variables with the norm

1.2 = .
(1.2) I fllccrs (wgl)anTJf(ﬂU,yN



Let

A;l{of(fﬂ,y) = flz+ h’y) - f(m’y>v Ag’lf(l',y> = flz,y+ 77) - f(m’y>a

(1.3) Ay flay) = fle,y) = fl@+hy) = fle,y+n) + fz+hy+n).

These quantities are called partial difference with respect to x with step h, with
respect to ¢ with step 17 and mixed difference in aggregate of variables with step
h and n at the point (,y).

Introduce the denotation:

w®(8) = sup |8, F (@, 9)ller),  wi'(n) = sup [|AY f(@,)llcr),
Ihl <5 Ihl<n

(1.4) wil@m) = sup  [|A F@y) o).
lha| <6
|ha| <

By means of these characteristics in the paper [3] we introduce the space
(1.5)

K3h={f € C(T%) |0}°(0) = 06), &' (n) = O™, wi'(3,m) = 080" }

0<a,f<1
with finite norm
_ G0 W) W)
| f]l 12 = max ||fHC(T2), sup =, Sup 5>  sup o~
B s>0 O n>0 N 5§>0 0%
n>0

and prove that the spaces Ki}a is a Banach space.
Let f € C(T?). Let’s consider a double singular integral with Hilbert kernel

~ 1 rT s—x t—y
(1.6) f($,y)—47r2//f(s,t)ctg 5 ctg 5 ds dt.

—T —T

Note that integral (1.6) is understood in the sense of Cauchy’s principal value.
From the estimates obtained in the papers [3], [4] it follows that the singular
operator (SO)

(L.7) (SF)(z,y) = flx,y)

Acts from Kélﬁ to K;lﬁ and bounded for 0 < a, 5 < 1.



In the space K ;}3 we take a ball with center at zero of radius R

1,1 1,1
Byy(B) = {¢ € Ky | ol 11 < R}
The following statement was proved in the paper [5].

Statement 1. Let f € Kl '3 and 1 < p < oco. Then the inequality

(19) IFloe < U s - I£15 7,
where v = L+plath)
(1+ap)(1+Bp)’
_ (14+ap)(1+8p) ¥4(1+ap)(1+ Bp)
(1.9) [ = max { (aBp)t—7 afprl=7 }
is true.

Later on we’ll need the following statements proved in [10].

Statement 2. Let the function F(z,y,¢) : T? x [-R,R] — R satisfy the
conditions:
1) there exists a partial derivative F,(z,y, ) and there is Cy > 0 such
that for Vi, 9, € [=R, R] |F,(z,y, 1) — F,(2,y,02)| < Coley — @al;
2) Elcl > 07 le,ZL’Q S [_Wﬂﬂ—] ‘F(xl,:%LP) - F($2ay,90)| < Cl|$1 - $2|a;
3) 3C2 > 0, Yy1, 2 € [, 7] |F(z,y1,9) — F(2,y2,9)| < Colyr — y2/%;
4) 3C5 > 0, Va1,y1, T2,y € [—m, 7]
|F(x1, 51, 0) — F(21,y2,0) — F (22,91, 0) + F (22, Y2, )| < Cslwy —2|*|y1 —y2|?;
5) 304 > 0, VSEl,I’Q c [*7‘(,71’], Vgpl,% c [*R, R]
|F(mlay,§01)_F($1,yaLPQ)_F(m%y,QDl)—’_F(x?vy")02)| S C4|$1_x2|a|§01_902|;
6) 3C5 > 0, Yy1,y2 € [—m, 7], Vi, 05 € [-R, R]
|F (2,91, 91) = F (2,91, 2) = F(2, Y2, 01) + F (2,42, 02)| < Csly1 — 2| |1 — @al.

Then the operator of superposition F': p(z,y) — Flz,y, o(z,y)] acts from the
ball B;,IB(R) to the ball B1 ! 5(I1) where radius R, is uniquely determined by
initial data.

Statement 3. Let the function F(s,t,¢) : T? x [~ R, R] — R satisfy conditions

1)- 6) and f € By (R') (R < R).
Then for

1 R—-R
110)  A<uin] | |
C HS||L2*>L2 Ry - ||S||KC1¥”}5~>K;”}5

where C* = max |F,(z,y, )|, the operator
T,y

ctg— ds dt+ f(x,y)

(1.11) (L) (z,y) // st 0(s,1)] ctg

—T —T



Is a contractive map in the ball B;lﬁ(R) in the metric of the space Lo (T?).
2. Approximate Solution of NSIE (1.1)

From estimate (1.8) it follows that if a sequence of functions {f,} C B;,IB(R)

converges in the metric of the space Lo(T?) to some function fo, it converges to
fo in the metric of the space C(T?) as well.
It is valid.

Lemma 2.1. If the sequence {f,} C Bi}a (R) converges in the metric of space
C (T?) to fo, then fo € By 5(R).

Proof. f, — fo fn € Bi}a(R) . Then

(2.1) Ve >0 3IN(e) VYn > N(e), Y(z,y) € T?|fulz,y) — f(z,9)] <e.

Let’s take arbitrary points (x1,y), (z2,y) € T? and arbitrary &g > 0 and fix

them. Take such € > 0 that the inequality | i < g¢ be fulfilled. Then
Ty — T2

we have

[fo(z1,w)=fo(m2.)| _ [fo(x1,0)—Fn(@1,9)+Fn(T1,0) = Fn(@2,9)+Fn (T2,0) = fo(x2,y)]

(2 2) |z1—z2|* o1 —22[®
. foler,y)—Ffu(z,0)| | Ifnlery)—Ffa(z2.0)] | [fn(e2,y)—folz2,9)]
= 1\11—12\0‘ - + \lwl_xz‘a 2 + |2931—932[i“ 2 < 2e0+ R.

The relation

fo(%yl) - f0($7y2)
|?J1 —y2|6

(23) <20+ R

is proved similarly. Now, let’s fix the points (x1,y1), (x1,¥2), (T2, y1), (T2, y2) €
T2 and gy > 0. Take such € > 0 that the relation ° < gp be

fulfilled.
Then

|CC1 - $2|a |yl - yz\ﬂ

[fo(z1,y1)—fo(@1,y2) = fo(@a,y1)+fo(@a,ya)| (Ifo(z1,y1) — fulz1, 1)

|1 —22]*[y1—y2]?
+fo(@r,yn) = fo(z1,92) + falz1,y2) — falz1,92)
—fo(@2,y1) + fu(®2,91) — falz2,y1) + folz2, y2)
(2.4) —fa(@2,92) + fa(2,92)]) / |21 — 22| " |91 — 12|°
[fo(@1,y1) = fn(z1,91)] + [fo(@1,y2) = fn(z1,y2)] + [fo(@2,y1) = fn(x2,y1)]

|z1—22]*[y1—y2|? |21 —22]*[y1 —y=2|? [z1—m2]|¥[y1 —y2|?
+ [fo(z2,y2)— fn(®2,y2)] + [fr(®1,91) = fn(®1,y2) = fr (T2,y1) +fn (22,y2) |

|21 —z2]|¥[y1 —y2|® |21 —@2]|¥|y1 —y2|?

<d4eg+ R

IN




It follows from estimates (2.2)-(2.4) that fy € B1 ! 5(R +4e). Since g9 > 0 is
arbitrary, we get fo € Bilﬁ(R) The lemma is proved.

Now, let’s prove the main theorem:

Theorem 2.1. Let the function F(s,t,p) : T? x [~ R, R] — R satisfy conditions
1)-6)and f € B1 ! 5(R) (R < R). Then for

Al < mi = R-R
min ,
C*HS||L2(T2) RlHS”Ki’,IﬁHKi’};

NSIE (1.1) has a unique solution ¢* in the ball Bi}g(R) and sequential ap-

prozimations ¢, = L, _, converge to this solution in the metric C(T?) with
rate

len — oz < M -w™llpr = @oll 1 iy

where M is a constant,

w=A{NC" ISl .2}, 7 = minfa, B}.

Proof. Under the conditions of the theorem Lis contractive map in the metric
Lo(T?). Then by contractive mappings principle we get

(2.6)
* 1 n *
lon — ¢ ||L2(T2) < mwo o1 — ‘P0||L2(T2) where wg = [A|C HS||L2 T2)
Estimate the norm [, — ¢*(| ¢, (p2) by the norm [[¢,, — ¢*[| 1, 72y By B((z,y); h)
we denote a circle of radius h > 0 and center at the point (x,y) € T?. Later on,

let Vo = V3 (z,y) = T?>N B((z,y); k). It is clear that for the function g € C(T?)
it holds the representation [9]:

)= mei%/VQ/g(S’t)dS dt—m;%/VQ/[Q(Svt)—g(ﬂc,y)]dS dt

Having taken g(z,y) = ¢*(2,y) — ¢, (z,y) we get:

g(x,y

Iy, o™ (s,8) = on(s,0)]ds dt

f f (:r,y) - (pn(sat) + <Pn($7y)]d8 dt

90* ('Ta y) - (pn( -
(2.7) meSVQ

meng



Since ¢*p,, € B;’E(R), we have

[*(5,8) — ¢*(2,9) — 0 (5:1) + 9, (7,9)] <
<lp*(s,t) = ¢*(s,9) — ¢*(x,1) + " (2,9)|
+ 19" (s,9) — ¢" (. y)| + " (2, 1) — " (2, y)]
00 (5,8) + 0 (8,9) — @5 (2, 1) + @ (2, )|
[Pn(5:y) — @n(@y)| + on (@, y) — on(z,y)|
<2M,(|s — ||t — y|® + |s — x| + |t — y|?) < 2Mah7.

And here Ms is a constant and v = min {a, 8} . Then it follows from (2.7) that

X 1 _
(2.8)  |o"(z,y) — @, (z,y)] < mfln + Mah? < Msh™'A,, + Mah?,

where An = ||, — ||, 72)-
1
If we take h = Ap*", we have from (2.8)

0
" (2, y) — ¢, (2, y)] < MyATT = My |p, — ¢ IIEZZTz)

1+'v

= |90* - L¢0n|C'(T2) < My ”‘pn ¥ HL2(T2)

1 T+
Taking into account the last inequality and taking M = M, <1 > we
— wo

get the affirmation of the theorem.
The theorem is proved.
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