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1. Introduction and Preliminaries

Let ZZO:O an be a given infinite series with its partial sums {s,}, and let A =
(any) be a normal matrix, that is, lower-semi matrix with nonzero entries. By
(A,(s)) we denote the A-transform of the sequence s = {s,}, i.e.,

An(s) = 2”: Sy
v=0

The series Y a, is said to be summable |Ax, k > 1, [5] if
Z |ann P 7F A (s) — Ap_1(s)|* < oc.
n=0

In the special case when A is a generalized Norlund matrix (resp. k = 1), |A|g
summability is the same as |N,p, gl (vesp. |N,p,q|) summability [6] (see [3]).
By a generalized Norlund matrix we mean one such that

Gpy =
Rn
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where for two given sequences of positive real constants p = {p,,} and ¢ = {¢ },
the convolution R, := (p * q),, is defined by

n n
(p * q)n = va%zfv = anfv(h-
v=0 v=0

When (p * q),, # 0 for all n, the generalized Norlund transform of the sequence
{sn} is the sequence {t£9(s)} defined by

1 n
tfz,q(s) = R_ Z Pn—mdmSm
™ m=0

and |A|; summability reduces to the following definition:
The infinite series ZZO:O ay, is absolutely summable (N, p, q)g, k > 1, if the series

ficﬁylﬂﬂ@—ﬂﬁ®k

n=0 n

converges (see [6]), and we write in brief

oo
> an €N, p, gl

n=0

Let {¢,,(z)} be an orthonormal system defined in the interval (a,b). We assume
that f(z) belongs to L?(a,b) and

(L1) @)~ cnpla),

where ¢,, = f; f(@)p,(z)dz, (n=10,1,2,...).
We write

Rgz = an—qua Rz—i—l =0, R»,Ol =R,

v=j
and

P, = (p* 1)n = va and @, := (1 *Q)n = qu_
v=0 v=0

Regarding to | N, p,q| = |N, p, gl summability of the orthogonal series (1.1) the
following two theorems are proved.

Theorem .1.1. [4] If the series

>3 (- 52
n=0 | j=1 m n



converges, then the orthogonal series

Z CnPp ()
n=0

is summable |N,p,q| almost everywhere.

Theorem 1.2. [4] Let {Q(n)} be a positive sequence such that {Q(n)/n} is

a non-increasing sequence and the series -, ﬁ(n) converges. Let {p,} and

{gn} be non-negative. If the series S oo |cn|?Qn)w™M) (n) converges, then the
orthogonal series Y o cnp,(x) € |N,p,q| almost everywhere, where w™) (n) is

defined by w™M(j) := j* PO n? (% - %) )

The main purpose of this paper is studying of the |A|; summability of the
orthogonal series (1.1), for 1 < k <2, and to deduce as corollaries all results of
Y. Okuyama [4]. Before doing this first introduce some further notations.
Given a normal matrix A := (a,,), we associate two lower semi matrices A :=
(Gny) and A := (Gn,) as follows:

n
Apy = g Apiy, Myt =0,1,2,...
i=v

and
G0 = G0 = G00; Gny = Qpy — Qp—10, N = 1L,2,...

It may be noted that A and A are the well-known matrices of series-to-sequence
and series-to-series transformations, respectively.

The following lemma due to Beppo Levi (see, for example [7]) is often used in
the theory of functions. It will need us to prove main results.

Lemma 1.1. If f,(t) € L(E) are non-negative functions and

(1.2) ;/Efn(t)dt<oo,

then the series -
> falt)dt
n=1

converges almost everywhere on E to a function f(t) € L(E). Moreover, the
series (1.2) is also convergent to f in the norm of L(E).

Throughout this paper K denotes a positive constant that it may depends only
on k, and be different in different relations.
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2. Main Results
We prove the following theorem.

Theorem 2.1. If for 1 < k < 2 the series

N

oo n
2_ ~

DS Hannl F72 Y i Ples

n=1 7=0

converges, then the orthogonal series

Z Cnp ()
n=0

is summable |Alx almost everywhere.

Proof. For the matrix transform A,,(s)(z) of the partial sums of the orthogonal
series Y7 ¢np,, (z) we have

n n v
D ausu(@) =) ans ) cie5()
v=0 v=0  j—=0
n n n
= Z ngoj(x) Z Ony = Z anjc;p; ()
j=0 v=j Jj=0

where Z;‘):o cjp;(x) is the partial sum of order v of the series (1.1).
Hence

An(s)()

AA,(s)(z) = Zamc]gpj Z Gy chjapj

Jj=

|
—_

n

= anncn@n ($> + (an,j - a"*Lj) ngoj (ZL’)
7=0
n—1

- &nncn@n(x> + CJSDJ Zan JCJSOJ
7=0

Using the Holder’s inequality and orthogonality to the latter equality, we have
that

E
2

IN

b b b
/ A4 (5)(2)|"d (b—a)15< An(S)(fv)—Anl(S)(w)Fdw)

ol

2

dx

Il
—
S
\
S
Nas?
T
ol
p\
o
j=}3
S
&,
Qﬁ
©
<
—~
K
S~—
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(Ve

n

_k R
=(b=a)' % D fan,

Jj=0

;]2

Thus, the series

(Ve

(2.1) Z|am|1 k/ IAA,( |d:p<KZ 3723 2l 2
7=0

converges by the assumption. From this fact and since the functions |AA,, (s)(z)]
are non-negative, then by the Lemma 1.1 the series

D lannl AL (s) (@) [*

converges almost everywhere. This completes the proof of the theorem.

If we put
: 1 o« 2 2 5.
(2.2) HP)(A;5) = 1 Zni [ F 2t 2
n=j

then the following theorem holds true.

Theorem 2.2. Let 1 < k < 2 and {Q2(n)} be a positive sequence such that
{Q(n)/n} is a non-increasing sequence and the series Y oo, #(n) converges. If

the following series Y ., |cn 2071 (n)H® (A;n) converges, then the orthogo-
nal series Y o o cnpn () € |Alx almost everywhere, where H®)(A; j) is defined
by (2.2).

Proof. Applying Hoélder’s inequality to the inequality (2.1) we get that

Z\a,mﬂ ’C/ |AA,(s)(z)|Fdz <

vl

(o) n
< KX:|ann|17]C Z‘&n,j|2|cj|2
n=1 =0

ol

o0 1 9 1 n
=K = | lana F200Q0)F Y Jan,; e ?
fi‘:( Q(n))*7" =
5t 5
[e'e} 1 2 Y 271 n R )
<K<n§_:1 (nQ(n))> me‘k rm)? JZ:;J|CL el



o0 o0

< K3 e lannl T2
j=1 n=j

A
=

o0

o) . 2_1 oo

Q k
Sl (FL)" St a2
j=1 J n=j

(Ve

nQ(n) ¥ |y, ;|

[N

vl

= K> ePityH® (45 ¢

j=1

which is finite by virtue of the hypothesis of the theorem, and this completes

the proof of the theorem.

I — _ Pog
For ay, , = SR we have a,,, = and

R,

Anoy = (_Ln,v - aJnfl,v

n n—1
= D =) any
j=v j=v

1 n
= R_ E Pn—345 —
n .
Jj=v

n—

Rn Rnfl

L

1 n—1
R—1 an—l—jqj
—
J

P

therefore the following corollaries follow from the main results:

Corollary 2.1. If for 1 < k < 2 the series

; (qn ;) R

converges, then the orthogonal series

o0
Z cntPn
n=0

is summable |N, p, g|x almost everywhere.

k
i \? :

7 _ Rn—l ‘C-‘Q

n Rn—l /

x)

Corollary 2.2. Let 1 < k < 2 and {2(n)} be a positive sequence such that
{Q(n)/n} is a non-increasing sequence and the series Y > | ﬁ(n) converges. If

the following series Y~ e |2Q% =1 (n)N®) (n) converges, then the orthogonal
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series Y07 ¢n,(¥) € |N,p, gl almost everywhere, where N'®)(5) is defined

by
N(k)( ) 1 i 72 (Rn>2% R, Ri'zfl ’
= n# — = —
J %1 —. dn R, Ry

2
k
J n=

Remark 2.1. We note that for k = 1 corollaries 2.1 and 2.2 reduce in theorems
1.1 and 1.2 respectively.

Let us prove now another two corollaries that follow from the corollary 2.1.

Corollary 2.3. If for 1 < k < 2 the series

(Ve

k 2
i( /fn > iPQ ‘(&——Pn_j> Jaj|*
Pl P — n—j Dn .
j=1

n=0 n n—1 Dn—j

converges, then the orthogonal series

Z Ay (T)
n=0

is summable |N, p|; almost everywhere.

Proof. After some elementary calculations one can show that

Rgz RZL*l _ Pn (Pn Pnj) )
Rn Rn—l PnPn—l Dn Pn—j P

for all g, = 1, and the proof follows immediately from Theorem 2.1.
Corollary 2.4. If for 1 < k < 2 the series
k
e ql/k k n 2
Z ( 1/k ) ZQ?—H%P
n=0 n Gn—1 j=1

converges, then the orthogonal series

> ang,(x)
n=0

is summable [N, |, almost everywhere.
Proof. From the fact that

R% _ RZL*l _ an]‘,1

Rn Rn—l Qn Qn—l
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for all p, = 1, the proof follows immediately from Theorem 2.1.

Remark 2.2. For k =1 corollaries 2.3 and 2.4 are proved earlier in [1] and

2]
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