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Abstract. In this paper, we propose a meshfree method for numerical solution

of various classes of partial differential equations (PDEs), such as the Boussinesq

system, Drinefel’d-Sokolov-Wilson equations, and Hirota-Satsuma coupled KdV

system. The meshfree algorithm is based on scattered data interpolation along

with approximating functions known as radial basis functions (RBFs). The

meshfree technique does not require space discretization. A set of scattered

nodes provided by initial data is used for solution of the problem. Accuracy of

the method is estimated in terms of the error norms 2, ∞, number of nodes
in the domain of influence, time step size, parameter dependent and parameter

independent RBFs, the numerical validation for the above mentioned three types

of PDEs is given to check performance of the new approach.
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1. Introduction and Preliminaries

Nonlinear PDEs describing wave propagation occur in fluid dynamics, plasma

physics, solid-state physics, chemistry and mathematical biology [1, 21, 7,18].

Many authors have worked on the solution of coupled nonlinear evolution equa-

tions using different techniques (see the references there in) [13, 6, 15, 2, 9, 12,

23].
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The multiquadric method was introduced in 1971 by Hardy [8], which is based

on scattered data approximation to approximate two-dimensional geographical

surfaces. In 1990 Kansa [11] derived a modified multiquadric scheme for the

numerical solution of PDEs. The existence, uniqueness, and convergence of

the RBFs approximation was discussed by Micchelli [17], Madych [16], Frank

and Schaback [3]. The importance of shape parameter  in the MQ method

was explained by Tarwater in 1985 [20]. Micchelli [17] has proved that for

distinct interpolation points, the system of equations obtained by this method

is always solvable. The idea of applying the MQ method to solve PDEs was

proposed by Kansa [11], which was extended later on by Golberg [5]. Hon and

Mao [10] extended the use of MQ method for the numerical solutions of various

ordinary and partial differential equations including nonlinear Burgers equation

with shock waves. Very recently Marjan Uddin and Sirajul Haq [14] have used

(RBFs) to obtain meshfree numerical solution of time fractional PDEs.

In this paper, we propose a meshfree collocation method based on the radial

basis functions, MQ (() = (2+ 2)12 where  is a shape parameter), and the

spline basis Quintics (() =  where  is a positive odd integer) for solving

the following classes of PDEs:

Class A: Boussinesq system [13]:

 +  +  +  − 
6
 = 0

 +  +  − 
2
 = 0

where  is a small positive real parameter.

Class B: Drinefel’d-Sokolov-Wilson equations:

 +  = 0

 +  +  +  = 0

where , , ,  are arbitrary real constants.

Class C: Hirota-Satsuma coupled KdV system [13]:

 =
1

2
 − 3 + 3 + 3

 = − + 3
 = − + 3

The structure of the present paper is organized as follows. In Section 2, we

discuss the meshfree method. In Section 3, we deal the stability analysis. Section

4, is devoted to the numerical tests of the method on the problems related to the

Boussinesq system, Drinefel’d-Sokolov-Wilson equations and Hirota-Satsuma

coupled KdV system. In Section 5, the results are concluded.
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2. Analysis of the Method

In this section, we consider a general -dimensional ( = 1 2 3) time dependent

boundary value problem

(1)



+ L = ( )  ∈ Ω  B = ()  ∈ Ω

where L and B are derivative and boundary operators respectively. Ω and Ω

represent domain and boundary of the domain respectively.

We use -weighted scheme for spatial derivatives in the following form:

(2)
(+1) − ()


+ L(+1)+(1− )L() = ( ())+(1−)( (+1))

In the above equation  is time step, () ( is non-negative integer) is the

solution at time () =  , 0 ≤  ≤ 1.
Let {}

=1 and {}=+1
be respectively interior and boundary points among

the collocation points {}=1 in the domain. The solution of Eq. (1) can be
approximated by,

(3) ()() =

X
=1

()
()
 

In the above eqution () are radial basis functions with Euclidean norm  =

k −k between the points  and  . {}=1 are constants to be determined.
From Eqs. (2) and (3), we can write:

(4)P
=1

µ
()

(+1)

 −()()


+ L [()](+1) + (1− )L [()]()

¶
=

( ()) + (1− )( (+1))  = 1 2  

(5)

X
=1

B(())(+1) = ( 
(+1))  =  + 1  

where  = k−k. Eqs (4)-(5) are  equations in  unkhown {}=1, can
be solved by using Gaussian elimination method. We use  = 05 in our work.

2.1. Boussinesq system

Consider the Boussinesq system [13]:

(6)
 +  +  +  − 

6
 = 0

 +  +  − 
2
 = 0
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where  is a real constant.

The boundary conditions are:

(7) ( ) = 1() ( ) = 2() ( ) = 1() ( ) = 2()   0

and initial conditions

(8) ( 0) = () ( 0) = ()  ≤  ≤ 

From Eqs. (6), we can write

(9)

h
(+1)−()



i
+
h
− 

2
()

(+1) − 

2
(1− )()

() + ()
(+1)

+(1− )()
() + ()

()
¤
= 0

(10)h
(+1)−()



i
+
h
− 

6
()

() + ()
() + 

n
[()()()

() + ()()()
()
oi
= 0

where (+1) = () + . In Eq. (9) the nonlinear term ()
(+1) is linearised

as

()
(+1) = (+1)

()
 + ()

(+1)
 − ()

()
 .

Using the above equation value of ()
(+1) in Eq.(9) we obtain:

(11)h
(+1) − 

2
()

(+1) + (()
(+1)
 + (+1)

()
 )

i
=h

() + 
2
(1− )()

() − (1− )()
()
 + ()

()
 − 

()


i


(12)
h
(+1)

i
=
h
() +



6
()

() − () − (()() + ()() )
i


where () and () are the th iterates of the approximate solutions.

The RBFs approximation for the solutions  and  of Eq. (6) is given by:

(13) ()() =

X
=1


()
1 () ()() =

X
=1


()
2 ()

Using Eq. (13), the system of Eqs. (11)-(12), along with the boundary condi-

tions (7) can be written in matrix form:

(14)

h
A− 

2
D3 + ²δtθ

³
u(n) ∗D1 + u

(n)
x ∗A

´i
λ1

(+1) =

=
£
A+ 

2
(1− )D3 − (1− )u(n) ∗D1 +  u(n) ∗D1

¤
λ1

()

− v
(n)
x + f (+1)

(15)

Aλ2
(+1) =

h
A− (u(n) ∗D1 + u

(n)
x ∗A)

i
λ2

()+


6
u(n)xxx−u(n)x +g(+1)

where ’*’ stands for component by component multiplication and
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A = [()]


=1
 D1 =

£
0()

¤
=1

 D3 =
£
000()

¤
=1

,

In more compact form we can write Eqs. (14)-(15) as:

(16)
λ1

(+1) =M−11 N1λ1
() +M−11 F(+1)

λ2
(+1) =M−12 N2λ2

() +M−12 G(+1)

where

F(+1) =
h

(+1)
1  0 0  

(+1)
2

i
− 

h
() (1) 0 0  

()
 ( )

i


G(+1) =
h

(+1)
1  0 0  

(+1)
2

i
+



6

h
()(1) 0 0  

()
( )

i
− 

h
() (1) 0 0  

()
 ( )

i
M1 = A− 

2
D3 + ²δtθ(u

(n) ∗D1 + u
(n)
x ∗A)

N1 = A+

2
(1− )D3 − (1− )u(n) ∗D1 + u(n) ∗D1

M2 = A N2 = A− (u(n) ∗D1 + u
(n)
x ∗A)

Eq. (13) can be written in matrix form as:

(17) u() = Aλ1
() v() = Aλ2

()

Using Eq.(17) in Eq. (16), we get

(18)
u(+1)= AM−11 N1A

−1u()+AM−11 F
(+1)

v(+1)= AM−12 N2A
−1v()+AM−12 G(+1)

For distinct collocation points A is always invertible [17]. Invertibility of ma-

trices M1 M2 are not always guaranteed.

2.2. Drinefel’d-Sokolov-Wilson equations

Here we consider the Drinefel’d-Sokolov-Wilson equations [19]:

(19)
 +  +  +  = 0

 +  = 0

where , , ,  are arbitrary constants.

The boundary conditions are given by:

(20)

( ) = 1() ( ) = 2() ( ) = 1() ( ) = 2()   0
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and initial conditions by:

(21) ( 0) = () ( 0) = ()  ≤  ≤ 

Using forward difference time derivative and -weighted RBFs approximation

for spatial derivative as given in Eq. (2), Eqs. (19) lead to the following set of

equations.

(22) (+1) = () − ()() 

and

(23) (+1) +


2
(+1) = () − 

2
() − ()() − () ()

We adopt the same procedure as given in subsection 2.1 to find the solution of

the system (19)-(21).

2.3. Hirota-Satsuma coupled KdV system

The Hirota-Satsuma coupled KdV system [13] is given by:

(24)

 =
1
2
 − 3 + 3 + 3

 = − + 3
 = − + 3

with boundary conditions:

(25)
( ) = 1() ( ) = 2() ( ) = 1()

( ) = 2() ( ) = 1() ( ) = 2()
  0

The initial conditions for the above system are given by:

(26) ( 0) = () ( 0) = () ( 0) = ()  ≤  ≤  :

Using the rules (2) in Eqs. (24), we obtain

(27)
(+1) − 

4

(+1)
 +

3

2
((+1)

()
 + ()

(+1)
 ) = () +



4

()


+3(()
()
 + ()

()
 )

(28) (+1) +


2
(+1) = () − 

2
() + 3

()() 

and

(29) (+1) +


2
(+1) = () − 

2
() + 3

()() 
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System of equations (27)-(29) is solved by using the same procedure given in

the subsections 2.1 and 2.2.

3. Stability of the Scheme

In this section, we discuss the stability analysis for the scheme (18), by using

spectral norm of the amplification matrix. We assume that u, v be numerical

and u∗, v∗ be exact solutions of Eq. (6). The error vectors ε(n)i ( = 1 2) are

defined by ε
(n)
1 = u() − u∗(), ε(n)2 = v() − v∗(). Putting values from Eq.

(18) in these equations, we arrive at the following equations:

(30)
ε
(n+1)
1 = u(n+1) − u∗(+1) = AM−11 N1A

−1ε(n)1 = E1ε
(n)
1 

ε
(n+1)
2 = v(n+1) − v∗(+1) = AM−12 N2A

−1ε(n)2 = E2ε
(n)
2 

where E1 = AM−11 N1A
−1 and E2 = AM−12 N2A

−1 are the amplification
matrices. For the scheme to remain stable, ε

(n)

i must approach to 0, (for i=1,2)

as  −→∞  (E1) ≤ 1, (E2) ≤ 1 which is necessary and sufficient condition
of stability, where (E1) and (E2) represent spectral radii of the matrices E1
and E2 respectively. From Eqs. (16) and (30), we can write:

(31)
[I+ P1] ε

(n+1)
1 = [I+ (2)P2] ε

(n)
1 

[I] ε
(n+1)
2 = [I+ (2)Q2] ε

(n)
2 

where

P1 =
h
− 

2
D3 + ²(u

(n) ∗D1 + u
(n)
x ∗A)

i
A−1

P2 =
h
(1− )D3 − 2(1− )u(n) ∗D1 + 2u

(n) ∗D1

i
A−1

Q2 =
h
−2(u(n) ∗D1 + u

(n)
x ∗A)

i
A−1

For stability, the maximum eigenvalues of the matrices

[I+ P1]
−1
[I+ (2)P2] and [I+ (2)Q2]

must be less than unity or equivalently we can say that

(32)

¯̄̄̄
1 + (2)2
1 + 1

¯̄̄̄
≤ 1 and

¯̄
1 + (2)2

¯̄
≤ 1

where 1 , 2 and 2
stand for eigenvalues of the matrices P1, P2, and Q2

respectively. When  = 1
2
, the conditions (32) reduce to:

(33)

¯̄̄̄
1 + (2)2
1 + (2)1

¯̄̄̄
≤ 1 and

¯̄
1 + (2)2

¯̄
≤ 1
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Above conditions will hold if 1 ≥ 2 . In case when  = 0, (32) give

(34)
¯̄
1 + (2)2

¯̄
≤ 1 and

¯̄
1 + (2)2

¯̄
≤ 1

It is evident from inequality (32), that the stability of the scheme (18) depends

upon the parameters ,  and eigenvalues of the matrices P1 P2 Q2. In the

case of free shape parameter RBFs like TPS and Quintics, eigenvalues depend

on a number of collocation points  only. For an acceptable distribution of

collocation points, inequality (32) must hold. In the case of RBFs with shape

parameter like MQ, stability depends upon shape parameter  as well. We in-

vestigate influence of the parameter  numerically when  remains constant.

In Table 4, we have shown minimum eigenvalues of the matricesM1 M2. It is

noted that eigenvalue of these matrices remain constant in the region of conver-

gence. In this region the inequalities (33)-(34) are satisfied as shown in Fig. 3.

In such RBFs the condition numbers and the magnitudes of the eigenvalues of

the matrices P1 P2 Q2 are closely related to the shape parameter . We have

analyzed dependence of stability on the shape parameter  numerically which is

shown in Table 4 and Fig. 3, by keeping  fixed. It is clear from the Table 4

that the accuracy of RBFs approximations can be improved by changing value

 in the interval (005 2234) where the solution remain stable. As  ≥ 2234
the condition numbers of the matrices Q1 Q2 P1 P2 become so large that

the system of linear equations become ill-conditioned, thus producing unstable

solution.

4. Numerical Examples

In this section, we apply the proposed method for the numerical solution of

different classes of coupled PDEs. The accuracy of the meshfree method is

tested in terms of 2 and ∞ error norms. These error norms are defined as:

2 = k∗ − k2 =
⎡⎣ X

=1

(∗ − )2

⎤⎦12 
(35) ∞ = k∗ − k∞ = max  |∗ − | 
The tested problems are given below.

Problem 1. Consider the Boussinesq system (6) with the exact solutions given

in [13]

(36)
( ) = 42(1−  2)(3

p
(1− 22)(1− 223))

( ) = 42 ( )(1−  2)(3(1− 22)(1− 223))
where

 ( ) = (1− 423− 2323 + 3) +  2(−3 + 23 + 22)
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 = tanh((− ))  =
p
(1− 22)(1− 223)

The initial and the boundary conditions (8)-(9) are extracted from the exact

solutions (36).

The error norms ∞ and 2 of the meshfree method are given in Table 1. These
numerical results are obtained by MQ method for  = 01 001,  = 01  =

−20  = 20  = 21 shape parameters 1 = 2 = 05 using different values of

. We compare our results with those obtained in [13] which are listed in Table

2. From the comparison of Tables 1 and 2 it follows that the present method

produces better results to those given in [13]. Solitary waves solutions  and 

are shown in Figs. 1() and 1() respectively, initially centered at  = 0 and

moving from left to right with constant speed . In Table 3, we list amplitudes

of the two waves  and  up to time 30. It is clear from the Fig. 1 and Table 3

that amplitudes of the two solitary waves  and  are nearly constant at different

times, showing the conservative nature of the RBFs approximations at different

time levels.
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Figure 1. Stability graph of numerical solutions  and  respectively at time

 = 0 : 5 in the domain [−20 20], Figs 3A-3B depicted for the value
 = 0 while for Figs 3C-3D we use  =: 5 where  = 0 : 01;

 = 0 : 01;  = 0 : 001;  = 2; corresponding to the Problem 1.
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Figure 2. Plots of the solutions, when  = 001,  = 01,  = 1,  = 0001,

1 = 0025, 2 = 0025. Figs.1(A)-1(B) show the motion of the solitary

waves  and  moving from left to right, initially centered at  = 0 at times

 = 0, 5, 10, 15, 20, 30. Figs.1(C)-1(D) represents the exact and numerical

solutions  and  at time  = 0, 30 in [−50 50], corresponding to of Problem 1.
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Problem 2. In this problem we consider the Drinefel’d-Sokolov-Wilson equa-

tions (24) with the exact solutions [19]

(37) ( ) = 2 sec2(− ) ( ) = 2 sec(− )

In this case the initial and boundary conditions (25) and (26) are derived from

the exact solutions (37).

In Table 5, absolute error between the exact and numerical solutions for  =

0001  = −10  = 10  = 101 MQ shape parameters 1 = 11 2 = 11.

In Figs. 2() and 2() solitary waves solutions  and , initially centered at

 = 0 moving from left to right with the constant speed 1 are shown. In Table

6 amplitudes of the two waves  and  up to time 7 are listed. It is clear from

Fig. 2 and Table 6, that amplitudes of the two solitary waves  and  are nearly

constant at different times, showing the accuracy and stability of the RBFs

approximations at different time levels.
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Figure 3. Plots of the solutions, when  = 1,  = 0001, 1 = 11, 2 = 11.

Figs.2(A)-2(B) show the motion of the solitary waves  and  moving from left

to right, initially centered at  = 0 at times  = 0 1 2 3 7 in [-10,10],

corresponding to Problem 2.
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Problem 3. Finally we consider the Hirota-Satsuma coupled KdV system with

the exact solutions [13]:

(38)

( ) = 422 tanh
2()− 8223− 3

( ) = 222 tanh
2()− 2223− 43− 0

( ) = 222 tanh
2()− 222 + 0

where

 =
√
2(− ) and  ≤  ≤ 

The boundary and the initial conditions are obtained from the exact solutions

(38).

In Tables 7 and 8, the error norms ∞ and 2 are presented. These numerical

results are obtained by the present (MQ) and Quintics (7) methods. The

results are given for  = −30  = 30  = 01 0 = 01 2 = 01 MQ

shape parameters 1 = 025 = 2 = 025 and different values of  and time .

The results are compared with the results obtained in [13] are listed in Table 9.

From the comparison of Tables 7-9 it follows that the present methods produces

better results.

5. Concluding Remarks

In this paper, a meshfree interpolation method using radial basis functions is

applied for the solution of system of nonlinear evolution equations. The per-

formance of this method is in excellent agreement with exact solution and with
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results given in [13]. We have established the stability analysis of the method.

The technique used in this paper provides an efficient alternative for the solution

of nonlinear partial differential equations. Contrary to the traditional methods,

like FDM and FEM, this approach is meshfree and accuracy of the method

can be increased by varying value of shape parameter, while keeping number of

collocation points fixed. It is noted that time marching process reduces the so-

lution accuracy due to the time truncation errors. From application viewpoints

the implementation of this method is very simple and straightforward.
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