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Abstract. In this paper, we shall consider higher order nonlinear neutral delay
differential equation of the type

[() + p(B)a(r ()™ + a()[z(a(t))]* =0, t>tg, n €N,

where p,q € C([t()a OO)) [07 OO)), T,0 € C([t()v OO), R), T(t) <t, hmt—>00 T(t) = 00,
o(t) < t, limy_,o 0(t) = 00, and « € (0, 00) is a ratio of odd positive integers.
We obtain sufficient conditions for the oscillations of all solutions of this equa-
tion.
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1. Introduction

We consider the following higher order nonlinear neutral delay differential equa-
tion:

(1.1) [(8) + p(O)z(r())]™ + q(t)[x(a(t)]* =0, t=>to, n €N,

where p, ¢ € C([to, ), [0,0)), 7,0 € C([ty, ), R), 7(t) < t, lim;.oo 7(t) = 00,
o(t) < t, lim_,o o(t) = 00, and « € (0, 00) is a ratio of odd positive integers. If
0 < a < 1, equation (1.1) is called sublinear equation, when a > 1, it is called
superlinear equation.

Recently, there have been a lot of studies concerning the behaviour of the oscil-
latory differential equations, see [1-9] and the reference cited therein. In [2,4,6,8]
several authors have investigated the following first order nonlinear delay dif-
ferential equation of the form,

(1.2) () + q(O)x(o(®)]* =0, ¢ =t
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where g € C([tg, ), [0,00)), 0 € C([to,),R), o(t) < ¢, lim;_,o0 o(t) = o0, and
a € (0,00) is a ratio of odd positive integers.

When 0 < o < 1, it is shown that every solution of sublinear equation (1.2)
oscillates if and only if

o0

(1.3) / q(t)dt = .

t=to
When « =1, (1.2) reduces to the linear delay differential equation
(1.4) 2 (t) + qt)z(o(t)) =0, t>to.

Recently, the oscillatory behavior of (1.4) has been discussed extensively in the
literature. A classical result is (see[2,4]) that every solution of (1.4) oscillates if

t

1
liminf/q(s)ds > =

t—o0

o(t)

In [6], when « > 1, Tang obtained the oscillatory behavior of equation (1.2).
It is shown that, let o(t) is continuously differentiable and o’(t) > 0. Further,
suppose that there exist a continuously differentiable function ¢(¢) such that

¢'(t) > 0 and tlim o(t) = oo,

lim sup

t—o0

Sk

e *®)

[L] >0
¢'(t)

Then every solution of superlinear equation (1.2) oscillates. Furthermore, Tang

considered the following special form of (1.2),

and

lim inf
t—oo

(1.5) 2'(t) + q)x(t —o)]* =0, t>t
which was obtained, if exists A > ¢~ In« such that

(1.6) litrgirolf[q(t) exp(e )] > 0,

then every solution of (1.5) oscillates.

In [1] Agarwal and Grace, in [3] Grace and Lalli studied oscillatory behavior of
certain higher order differential equations.

Our aim in this paper is to obtain sufficient conditions for the oscillation of all
solutions of (1.1).

We need the following result for our subsequent discussion.
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Lemma 1.1. (See[8].)Assume that for large ¢
p(s) # 0 for s € [t,t7],
where t* satisfies o(t*) = ¢. Then
() +p(0)[z(o(t)]* =0, t=to
has an eventually positive solution if and only if the corresponding inequality
() +p(H)[z(o(t)]* <0, t=>to
has an eventually positive solution.

Lemma 1.2. (See[5].)Let z be a positive and n-times diferentiable function
on [tg,00). If 2™ is of constant sign for n > a and not identically zero on any
interval [t,,c0) for some t,. > tg, then, there exists a t, >ty and an integer m,
0 < m < n with (n+m) odd for 2™ (t) <0, or (n +m) even for (™ (t) > 0,
and such that for every t, > t,

m < n—1implies (-1)" 28 (#) >0, k=m,m+1,--- ,n—1,

and
m > 0 implies z(k)(t)>0, k=0,1,--- ,m—1.

Lemma 1.3. (See[7].)Let z be as in Lemma 1.2. In addition lim;_, . 2(t) # 0
and 2"~V (£)z(™(t) < 0 for every t > t,, then for every A\, 0 < A < 1, the
following hold:

—Nt”_lz("_l)(t); for all large ¢.

2. Sufficient Conditions for Oscillations of Equation (1.1)

Theorem 2.1. (a) Let n be even and 0 < p(t) < 1 for ¢ > ¢;. If the diferential
equation

21) W/ (0) + c(Ow(o ()" =0,
where
(22) o(t) = att) (2 ) 1= Pl (o).

is oscillatory, then all solutions of (1.1) are oscillatory.
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(b) Let n be odd and 0 < p(t) < P < 1, where P; is a constant. If the
diferential equation

(2.3) W () + (D) (o (B)]* = 0,
where
(2.4) (1) = q(t)es (ﬁ) (o) (o (1)

is oscillatory, then every solution of (1.1) either oscillates or tends to zero as
t — 0.

Proof. Let z(t) be a nonoscillatory solution of (1.1), with () > 0, z(7(¢)) > 0
and z(o(t)) > 0, for all t > tg > Tp. Setting  2(t) = x(t) + p(t)x(7(t)), we get
z(t) > x(t) > 0 and

(2.5) (1) = —q(t)z(o(t)) < 0,

for t > to. Then by Lemma 1.2, 2(¥)(t) is of constant sign for k = 1,2,3,...,n,
and that for n > 2

(2.6) V@) >0, t>t

We claim that 2’(t) < 0 eventually. This is obvious from equation (1.1) in the
case n = 1. Forn > 2, we suppose on the contrary, that z'(¢t) > 0 for t > t; > to.
Then

2.7) (1=p@®)z(t) < 2(t) - p(t)z(7(t)) = 2(t) — p(H)p(r()z(7(7())) < =(¢)

for t > t9 > t1. Since z(¢) is positive and increasing, it follows from Lemma 1.3
and (2.7), that

A
(n—1)!

(2.8) z(t) > "t (1), ¢ > ¢,

Using (2.8), we find for t >t > #;,

[1 = p(e(®))]A

e ),

q(t)z(o(t)) = q(t)
and so

0(6) < —a) (FZIR) o)) [ V(o)

«

Using the above inequality in (2.5), we see that z("~1)(¢) is an eventually positive
(see (2.6)) solution of

200+ 4t (2T oy [0 o)) <0
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If we chose z2("~ 1) (t) = w(t), then

w/(1) + (1) (ﬁ) 11— p(o(8))* (o(0) "D (o(8)) < 0,

for some t3 > t5 and hence by (2.6), we have
w'(t) + c(t)[w(o(t))]* <0, for t > t3.

Therefore by Lemma 1.1, (2.1) has eventually positive solution, this is a contra-
diction. Hence, 2'(t) < 0 eventually.
Since 2'(t) < 0 eventually in Lemma 1.2, we must have m = 0 and

(2.9) (~DF®@#) >0, 0<k<n—1, t>to.

If n is even, (2.9) yields to contradiction (2.6). This proves part (a) of the
theorem.

Now, let n be odd. Assume further that z(¢) does not tend to zero as t — oo.
As 2'(t) < 0 eventually, we have z(t) | ¢ as t — oo, where 0 < ¢ < oo. Then,
there exists ¢ > 0 and an integer t3 > ¢y such that

O<e<e

1
<
1+p °°

and

(2.10) c—e<z(t)<z(r(t) <cH+e, t>t3

Thus, from (2.7) and (2.10), we find for ¢ > ¢3,

(2.11) z(t) > 2(t) —p(t)z(7(t)) > 2(t) = Prz(7(t)) > (c—e)— Pi(c+e) > c12(t),

where ¢1 = [(c—¢) — Pi(c+¢)]/(c+¢€) € (0,1). Using (2.11) and Lemma 1.3,
we get for t > t4 > t3,

(2.12) x(t) > cr1z(t) > Clﬁtn_lz("_l)(t)

By (2.12), we obtain for ¢ > t5 > t4,

There, we have

[e3%

ﬁ)“ (o(t))~=1) [z(”’l)(a(t))} <0.

Using the above inequality in (2.5), we see that z("~1)(¢) is an eventually positive
(see (2.6)) solution of

L) + g(t)(er)” (

o) +att)er (2 ) 0D (ote) <o

(n—1
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where w(t) = 2D (t) and ¢; = (c1)®. Therefore by Lemma 1.1, (2.1) has
eventually positive solution, this is a contradiction. The proof of part (b) is
complete.

Theorem 2.2. Let —1 < —P, < p(t) < 0, where P, > 0 is a constant. If the
differential equation

(2.13) w'(t) + c(t)[w(o(t)]* =0,
where
(2.14) (1) = qlt) (ﬁ) (0(£))* Do (£)))"

is oscillatory, then each monotone solution of (1.1) tends to zero as t — co.

Proof. Let z(t) be a monotone solution of (1.1). The case n = 1 can be proved
easily. Assume that n > 2 and z(t) > 0, 2(7(¢)) > 0 and z(o(t)) > 0, for all
t > tg > Tp. Furter, we assume that z(¢) does not tend to zero as ¢ — oo.
Setting z(t) = x(t) + p(t)x(7(t)), we get z(t) < x(t), and also inequality (2.5).
Since x is monotone, we have either z/(¢) < 0 or a’(¢) > 0 eventually.

We claim that 2'(¢) < 0 eventually. This is obvious from equation (1.1) in the
case n = 1. For n > 2, we suppose on the contrary, that 2'(¢) > 0 for t > t; > to.
Since —1 < —P, < p(t) <0, we get for t >ty > t1,

(2.15) 2(t) > a(t) + pt)a(t) > (1 — Py)x(t) > 0.

Thus, 2/(t) is of one sign, i.e., either 2/(¢) < 0 or 2/(¢) > 0 holds for t > t3 > t5
by Lemma 1.2.

(i) Assume that 2'(t) < 0. Then z(t) converges to a constant z; > 0. If z; = 0,
by (2.15), x(t) converges to 0, this contradicts to z'(¢) > 0, z(¢) > 0. Hence,
z1 > 0. Given 1 € (0, 21), there exists t4 > t3 such that

(216) 21— €1 <Z<ﬁ)<2’1 +e1,t > 4.

Let m be as in Lemma 1.3. For ¢ > t5 > 2" ¢4, using (2.16) and Lemma 1.3
successively, we obtain

(2.17) 2(t) > 2(t) > —2

A N (AT
= (TL—l)' z ()7 = U5

By (2.17), we obtain for ¢ > tg > ts,
5(1) (t) < —q(t) <( A )'> (a(t))“(nfl) [z(”*l)(a(t))]a

n—1

If we chose z("~ 1 (t) = w(t), then




Using the above inequality in (2.5), we see that 2("~1)(¢) is an eventually positive
(see (2.6)) solution of

(n—1

218) w0+ (G2g) @O Vo) <o

Therefore by Lemma 1.1, (2.13) has eventually positive solution, this is a con-
tradiction.
(ii) Assume that 2/(t) > 0, ¢ > t7. Then by Lemma 1.3, we have for t > ¢7

A

02 G

"N @), > g,
and the inequality

2 (t) + q(t) ( )I>a (o (t))=1) [z<n*1><a(t)>]°‘ <0,

(n—1

where z("~1(t) = w(t), has an eventually positive solution This is a contradic-
tion.

Consequently, 2’ (t) < 0 eventually, which tells us that z(t) is nonincreasing and
bounded from below, and so coverges to a constant zg > 0. If zp = 0, then the
result is true. Assume that xg > 0. Then we have

(2.19) litrggjlfz(t) =(1+ litrgirolfp(t))xo > (1= P)xo > 0.

Hence, z(t) is eventualy positive and (2.6) holds. By Lemma 1.2, either 2/(t) < 0
or z'(t) > 0 holds for ¢ > ts. Similar to the above proof of (i) and (ii) , we can also
obtain contradiction. The case when z(t) is monotone and eventualy negative
can be verified similarly. The proof is complete.
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